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Problem 1 (The Application of the Diffeomorphism) The concept of diffeomorphism with

its related results play the essential role to recognize the so-called differential manifolds.
1. To narrate the content of rank theorem.
2. To narrate the definition of differential manifolds.

3. To proof the following proposition. If a chart ¢ : I¥ — U C 8 belongs to class C’(l)(Ik, R™)
and has mazimal rank at each point of the cube I* there exists a number ¢ > 0 and a

diffeomorphism . : I* — R"™ of the cube I? = {t € R"||t!| < &;,i = 1,---,n} of

dimension n in R™ such that (p\[kmg = (Pg’[km[gw,.

4. To prove that the unite sphere in R3 is the differential manifold.

Problem 2 (Tangent and cotangent mapping) Let ¢ be the differential mapping between
the differential manifolds M and N with dim M = m and dim N = n respectively. Its corre-

sponding tangent mapping is defined as follows
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1. To prove that
{07 Wiy i (2)} € N"(M)

2. To prove the general identity

O ) (0(2) = 0" () | e (o)™ A

(¢*w)(x)

Y Gl [Mm] Qe A dat € (M)

T 1<i < <ir<m 8(3311 . 1;%)
fOT’ any w(y) = %w‘)ﬂf" 7o¢T(y)dya1 A A dya?" c /\T(N)

3. To prove the general identity
¢"(dw) = d(¢*w), Vw e A"(N)

4. To consider the following particular differential mapping
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where C1, Cg and Cy are constants. To calculate
(P*w)(x), wly) = f(y*)dy' Ady® Ady* € AP(RY)

5. To calculate d(¢*w)(x)

6. To calculate (¢*dw)(x)

Problem 3 (Integral on Differential Manifold) The fundamentals of integral on differen-

tial manifold could be concluded as follows.

1. The integral of one p-form on the differential manifold with dimension p is defined as

follows:
/ wh & oWl WP e ANP(M)
o(Ip)CM Ip

where ¢(x) € € (I, $(I,)) is any chart. To prove that it is well-definition, that is the value

of the integral is independent on the choose of the charts.



2. The tours in R? could be represented as

; X! (R4 rcosf) - cos ¢
%(0,9) : Doy > = %(0,0) = | X2 | (0,¢) = | (R+rcosf)-sing
¢
X3 R +rsind

where 6 € [0,27] and ¢ € [0,27]. To calculate the integral

/ dX' N dX?
P
3. To calculate the surface area of the torus through the following definition
|2 5/ Vgdo ndp, g = det|gij]
@(9(75
where {g;;} is the measure on the torus.

Problem 4 (Stokes Formula) The fundamentals of Stokes formula on differential manifold

could be concluded as follows.

1. To prove the following relation of integral

/ WPl = (—1)P / dwP™!
Ip—1 H

P

where

P .
wP™ :Z filx)dz A A dz A A daP
=1
such that suppfi(x!, -+ ,xP710) C I,_1 and fi(z!,--- 2P~ 1) =0 forall 1 <i<p-—1.
2. The general form of the Stokes formula is
/ WPl = (—l)p/ dwP™t WPt e APTH (M)
oM M
where dim M = p. To calculate the following integral through Stokes formula
7{ X2dX' A dX? + X1dX? A dX?
b
where X is the torus in R3

Problem 5 (Field Analysis on the Surface-Case Study) 7To consider the so-called Helical-

Surface
X! U COS ¥
u
Y(u,v) : R2D Dy, — Y(u,v)= | X2 | (u,v) 2 | ysinv | € R3
v
X3 hv



1. To give the measure, i.e.the first form, on the surface that could be represented by the

matriz [g;;] € R**?
2. To give the second form on the surface that could be represented by the matriz [b;] € R2*2
3. To calculate the Gauss and Mean curvatures denoted by Ko and H respectively.
4. To give the connection on the surface that is compatible to the given measure.

5. To determine the parallel-moving vector field following the trajectory

X1 acosv
Y(v): [0,27] v = y(v) = | X2 | (v) £ | asinv | €T
X3 hv

6. To calculate the Riemann-Christoffel tensor R;jpq on the surface through the Gauss equa-
tion, namely,

Rijrr = bigbji — bjiby
7. To prove the following identity
Riju = Ka(9ikgj1 — 9jk9i)
that is just valid for 2 dimensional differential surface in R3.

Problem 6 (Field Analysis on the Surface-General Study) To consider the general n—

1 dimensional differential surface in R™
1. To deduce the so-called Gauss € Codazzi equations for
Rijri = birbji — bjrba
Vipbgj = Vqbp;
2. To deduce the so-called Ricci identity
VpVe® — VpV ' = R, ®% — RS, &,

Generally, this identity could be extended to the tensor with any order.

Note: To give the deduction and calculation in detail. And as the score is considered, the

reflection of the correct methodologies is oriented.



