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1. �5�êÄ�Vg 1.1 �þ!Ý
Ú�5�m

�þ x ∈ CNµ:�I

�þ x£vector¤´½Â3ê� C þ� N �ê|§^5L« N ��

m¥�:�I"

��·�¦^��þµ

x =


x1

x2
...

xN


=�£transpose¤���1�þµ

xT = (x1, x2, . . . , xN )
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1. �5�êÄ�Vg 1.1 �þ!Ý
Ú�5�m

Ý
 X ∈ CN×Kµõ�:�I

N ×K �Ý
 X P�µ

XN×K =


x11 · · · x1K

...
. . .

...

xN1 · · · xNK


éu��k N ���!K �Cþ�êâ8 X§·��±òÙÀ� K �

�m¥� N �:§z�1�þÑ´���I¶½ö N ��m¥� K �:§

z���þ�Cþ�I"

XN×K=


X̃1

...

X̃N

 = [X1 ... XK ]
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1. �5�êÄ�Vg 1.1 �þ!Ý
Ú�5�m

�5�m (V,CN , (+, ◦))

I é�þ x, y ∈ CN Úê a ∈ C §½Â�þ\{Úêþ¦{µ

z = x+y, zi = xi+yi z = a◦x, zi = axi

I �5�m£Linear space§q¡�þ�m Vector space¤´½Â3 CN þ

���8Ü§é�þ\{Úêþ¦{µ4£é ∀x, y ∈ V, a ∈ C§k
x+ y ∈ V!a ◦ x ∈ V¤§�÷v\{��Æ�8^$�5�"
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1. �5�êÄ�Vg 1.1 �þ!Ý
Ú�5�m

�5�m�Ä Eµ�IX

XJ�5�m V ¥� N ��þ ε1, ε2, ...εN ÷vµ£1¤ε1, ε2, ...εN �5Ã

'¶£2¤é?¿ v ∈ V§kµ

v = Ex = x1ε1 + x2ε2...+ xNεN

K¡µ

I Ý
 E = (ε1, ε2, ...εN ) ���þ� V ��|Ä

I x = (x1, x2, ...xN )T � v 3Ä E e��I

I �5�m V ��ê� N§P� dim(V ) = rank(E) = N"

öSµXJ���m¥�:3ü �IX I =

[
1 0

0 1

]
ek�I (1, 2)T§�¯

3�IX E =

[
0 −1

1 0

]
e��I´õ�º
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1. �5�êÄ�Vg 1.1 �þ!Ý
Ú�5�m

�5=� Xβ : RK → RN

I Ý
 XN×K m¦��þ βK×1§�����þ yN×1 ´ X ���þ��

5|Üµ

y = Xβ =

K∑
k=1

Xkβk

I 1�þ α̃1×N �¦Ý
 XN×K§���1�þ z1×K ´ X �1�þ��

5|Üµ

z = α̃X =

N∑
i=1

αiX̃i

Ïd XN×K ��¡�ØÓ�Ý��5�m�m�=�Ý
µ

Xβ : RK → RN

α̃X : RN → RK
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1. �5�êÄ�Vg 1.1 �þ!Ý
Ú�5�m

A^µ¦)�5�§|

I ¦)�5�§| Ax = b �±w¤ÏéÝ
 AN×K � N �1�þ¤L«

��²¡��: xµ

�A�)��½½n´µ

I rank (A) < K �kÃ¡õ)£under-determined¤¶

I rank (A) = K = N �§k��)£just-determined¤§x = A−1b¶

I rank (A) = K < N �Ã)£over-determined¤§A ��
�Ø�_"

I XJr¦) Ax = b n)�ò b L«�Ý
 AN×K � K ���þ��5

|Ü§�#)º)��½½n"
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1. �5�êÄ�Vg 1.2 SÈ!�êÚål

SÈ

I ½Âµéu x, y ∈ V§SÈ£inner product§�¡:È dot product¤�µ

x · y = xT y =
∑N

i=1
xiyi

I ¹Âµ

I o|Ñ´d��þÚ�¤�þ�SÈ W = pT c = cT p

I �þ�Ý£½î¼�ê¤‖x‖ =
√
x · x

I �þ x, y ��'Xê£correlation coefficient¤�üö�mY��'X�µ

ρ = Cor (x, y) = x·y
‖x‖‖y‖ = cos (θ)

üöÕá� ρ = 0⇔ x⊥y"
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1. �5�êÄ�Vg 1.2 SÈ!�êÚål

�êÚål

I �ê£norm¤µ�þ��Ý£length¤§½:��:�ål£distance¤"

I î¼�ê£Euclidean norm¤µ

‖x‖ =
√
x · x =

(
n∑

i=1

x2i

)1/2

I p �ê£p-norm¤µ

‖x‖p =

(
n∑

i=1

|xi|p
)1/p

, p ≥ 1

I d p �ê�½Âü��þ�m�ål£½Ýþ§metric¤§p = 2 �=�î¼ålµ

‖x− y‖p =

(
n∑

i=1

|xi − yi|p
)1/p

, p ≥ 1
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1. �5�êÄ�Vg 1.2 SÈ!�êÚål

A^µÄuî¼ål�àa©Û

I àa©Û£clustering¤´3��êâ8

¥Ïéf+½a�Eâ"

I Kþ�àa£K-means Clustering¤´ò

*ÿy©�¯k5½� K �a¥§¦a

S�É¦�U�"úª�µ

min

K∑
k=1

W (Ck) =
1

|Ck|
∑

u,v∈Ck

‖xu − xv‖

Ù¥ ‖·‖ �îAp�ål§|Ck| �1 k

a¤�¹���ê"

SourceµG. James, D. Vitten, T. Hastie, R.

Tibshirani(2015)
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https://www.zybuluo.com/fanxy/note/331931


1. �5�êÄ�Vg 1.3 A��!A��þ��qÝ


A��ÚA��þ

éu N ��
 A§XJ�3~ê λ Ú�"�þ x§¦� Ax = λx £½

x̃A = λx̃¤§K¡ λ ´ A �A��£eigen value¤§x£½ x̃¤´éAu λ �

m£½�¤A��þ£eigen vector¤"

±���
 M �~µ

I A��´�
�:¤3�ý

���¶Úá¶¶

I A��þ´²LÙ�5C�

�§��ØC!�Ý� �

�þ"
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1. �5�êÄ�Vg 1.3 A��!A��þ��qÝ


�qÝ
 B = P−1AP

I XJ�5�m V ¥��þ v = Ex ��þ u = Ey �3�5=�'X

u = Av§Kü��þ��I�m�3e¡�=�'Xµ

y = Bx = E−1AEx

I é N �Ý
 A,B§e�3�_Ý
 P§¦ B = P−1AP§K¡Ý
 A

� B �q§P� A ∼ B"

I öSµeÝ
 A �A��þ�¤�Ý
 P = (P1, P2, ...PN ) �_§�Ñ

B = P−1AP"
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2. ²LA^ 2.1 êx Ì

êx Ì

b½ÚE�n« ¬z100�¤¹�E�¤©§±9zUA�\�oE�

¤©XeL¤«µ

ø�ÚE �Î® Z� A�\

�x� 36 51 13 33

%YzÜÔ 52 34 74 45

�� 0 7 1.1 3

��½�°èx Ì§�Ñn« ¬�Ó'"
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2. ²LA^ 2.2 ÷*²L½5

üÜ�÷*²L�.

b½��I[�÷*²L�±Lã�e¡��©�§|µ

Yt = Ct + It

Ct = C0 + cYt−1

It = I0 + β (Ct − Ct−1)

I �òþã�.U���¤ÚÝ]������©�§|¶

I XJ c = 0.9, β = 0.5§TI�÷*²L´Ä½º

I bX C0 = 100, I0 = 1000§�¯TI�Ï���Ñ!�¤ÚÝ]

©O�õ�º
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2. ²LA^ 2.3 Ý\-�Ñ©Û

Ý\-�ÑLµ²L�µ

20V30c�{I²LÆ[�Üp#�[QÅ£W.Leontief¤3c<'u

²L¹Ä�p���ïÄÄ:þJÑ
Ý\-�ÑL£Input-Output Table¤�

©Ûµe§1936cuL
/{I²L�Ý¥Ý\�Ñêþ'X0�©§1953 c

�¦<Ü�Ñ�
5{I²L(�ïÄ6�Ö§1973c¼�ì��²LÆø"
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2. ²LA^ 2.3 Ý\-�Ñ©Û

Ý\-�ÑL£Input-Output Table¤µêÆLã

I xijµ1 i �Ü�é1 j �Ü��¥mÝ\

I Aµ���ÑÝ
§�� aij =
xij

xj

I diµ1 i �Ü���ªI¦§�u|Ñ{Ø��GDP

I vjµ1 j �Ü���ªÝ\§�uÂ\{Ø��GDP

I xiµ1 i �Ü��o�Ñ£oI¦¤§�uoÝ\£oø�¤
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2. ²LA^ 2.3 Ý\-�Ñ©Û

Ý\-�ÑLµ¦)úª

I ¥mI¦+�ªI¦=o�Ñµ

Ax+ d = x⇔ x = (I −A)−1d

I ¥mÝ\+�ªÝ\=oÝ\µ

Dx+ v = x⇔ x = (I −D)−1v

D =



N∑
i=1

ai1 0 · · · 0

0
N∑
i=1

ai2 · · · 0

...
...

. . .
...

0 0 · · ·
N∑
i=1

aiN
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2. ²LA^ 2.3 Ý\-�Ñ©Û

Ý\-�ÑLµ©Û«~

1��� 1��� 1n�� �ªI¦ o�Ñ

1��� 15 20 30 35 100

1��� 30 10 45 115 200

1n�� 20 60 0 70 150

I u��ªI¦Úo�Ñ�m�'Xúª¶

I b½Ý\�Ñ'XØC§��ªI¦C� (100, 200, 300) �ü �§o�

Ñ�uõ�º
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2. ²LA^ 2.4 ÏéØ%(:

ÏéØ%(:µGoogle�{�

Wiki: The PageRank values are the entries of the dominant right

eigenvector of the modified adjacency matrix.
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https://en.wikipedia.org/wiki/PageRank
https://en.wikipedia.org/wiki/PageRank

	1. 线性代数基本概念
	1.1 向量、矩阵和线性空间
	1.2 内积、范数和距离
	1.3 特征值、特征向量与相似矩阵

	2. 经济应用
	2.1 剑桥食谱
	2.2 宏观经济稳定性
	2.3 投入-产出分析
	2.4 寻找核心结点


