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Please do Your Possible to Accomplish the Following Problems in English.

Problem 1 (Field Analysis in general curvilinear coordinates) (10%) Prove the follow-

ing identity

[X(VX®XV)=V® (@ V)+(V-0) @V - Ve V(itrd) - A®*, ¥ e Lin

in the point of view of general curvilinear coordinates, where

X

VxdxV =

. . X . .
DXV = (P9 0¢) % (¥ g,®g?) = LU (g5 x g7) @ (¢ X gp)

<8gp> X (<I>,'jgi X gj) x V

oxP

= (Vp®y € g0 ¢) x <6gq>

= V,(Vp®ij) P g, @ g

ox4



IZ(V XD X V)= (g""gm @ gn) 5 (Vg (VpPij) g, @ g1)
= 9"V (Vp®ij) € epppenag” @ ¢
= g""Vq (Vp®is) (" emm) (€ enss) 9 @ o'
= gV (Vy@05) (8,07 — 94,87 (0231 — 6,07) 8" ©
= 97"V (Vy45) (57,006201 — 54010,0F — 67,61000] + 03,6101.07 ) g @ o
= 9"V (V@) 9" @ g' = g™ Vi (Vi®um) 6" @ ¢ = §""Vin (VaPui) ¢* @ o'
+ ™"V (Vi®@r1) g* @ ¢
= Vi (Va®") g" ® ¢' = Vi (Vi1®9,") g" @ ¢' = V" (Vi) ¢* ® ¢

+ Vi (V19™) gF @ ¢

Ve ((@-V)= (gmafm> ® (‘I)ijgi ® ;) - <3ingn>
= Vi (Va®") g™ @ g' = Vi (Va®") g* @ ¢
(V- ®)®V = (gmafm> (g ®g) @ <aing”>
=V (Vin®")) ¢ @ " = Vi (V@) ¢* ® g = Vi (Vi@71) g" @ ¢
VeV (trd) =V (V,2,") ¢" © ¢
AD* = V" (V, ) ¢F @ ¢

Problem 2 (the Meaning of the Gradient a Tensor Field) The norm of the general ten-
sor space T (R™) is defined as

B 2 VOB = [0 dy, ., VD E TT(RT)

1. (10%) To prove the following conclusion

la ® b® c|zr = |algm - [blgm - |c|grm, Va,b,c € R™

a@b@c|l;r =VaRbRcOabde
= \/aiai‘\/bjbj‘\/ck’ck

= |algm - [blgm - |clgm

[\



2. (10%) To prove one of the following relations, either Lagrangian or Eulerian, that is avail-

able for any tensor field represented in two-point form

Lagrange ®(x + 0x,t)=P(x,t) + (¢ ® O)(x,t) - dx + o(|0x|rm)

Euler — ®(&+86,t) = (&,t) + (2 @ O)(&,1) - 66 + o(|0E|rm )

where

2t

((I) ® ﬁ)(&a t) = I%L(I)?A(gv t) i ® GA ® GL, E‘Lq) (5 t) L(I)Z (ga z, t) OEL

(E t)vl(b (£,$,t)
) , . o€l o
(q) ® D)(‘T7t) £ DI(I)-ZA(‘,L.7t) 9i ® GA ® gla qu)-ZA('r7t) £ vl@?A(faxat) + %(x7t)qu)lA(£7xvt)

through which the gradient of a tensor field can be interpreted. Certainly, the affine tensor

is adopted here as the representation of any order tensor field represented in the two-point

form.

B, 1) = D' a(((6,1), & ) gi(x) © GA(E)

Ser (60 = 507 [¥'ale. & Dai(a) G

aq)ZA 81'[ 8@7'14 A ; A ; 8GA

— i @Z @Z i
[8xl 8§L+ (%L]g QG* + D'y (9 R G" + D' 59 ®78§L
8J:l ({9(131,4 A 891 A 0o A ; 8GA

= 96T a1 9 @ ; Biagi® o
8§L<8x5g®G + 8l®G> ng®G + Ag@@fL
ort (9P ;o o' .

- oL ( o lAQi@GA_F(I) AF1195®GA) + 7a€LAQz‘®GA - P Ag¢®FfSG5

ozt [ /0Dy OP’
_8; [( + T <I>SA>gi®GA]+<8§LA FA(I>’)g¢®GA

O AL S & A
_8£Lvl@Agi®G +ViPa9; 2 G

ozl > A
= (8§LVI®A+VL¢A>QZ®G

=: DL<I>ZAgZ‘ ® G4

3. (10%) To prove one of the following relations

B g4 (&) =0, O;¢(z)=0

that can be considered as the extension of the Ricci’s lemma.



< ozl > ;
Orga=Vigy+ @VZQA
agf‘l S i l 8934 it
= DeL 7495 + o¢L \ oat + 1594

2 N A .
~ er (6.G) = TEagh + 577 (5 (4.G) + Tk

7 0 i a ! 0 t it
7 a : 7 7
= (g 7F€AG5) FLAgS + 5 8§L [(_ ltgtaGA) + Fltgil]
S a : it it
=T7a95 — T7ag5 + oeL (—Tuga +Tiga)

=0

4. (10%) To prove the relation of the basis-transformation, i.e., if it is valid that

gi@) = B (2) gj(z), Gale) = B (&) Gr(€)

then
ey = 800 B “’”Z%wfl’(?m*ggg'V<z><1>(.’?E>
with l
5;";% = B (@) B(x (€) ggz@, )

where V(F)CI)(Q)E),V(I)CI)(Q)E) could be the "covariant derivatives” defined in the correspond-

ing anholonomic bases with respect to {g;(x)} and {Ga(§)} respectively.

000 = Bt (H00) 0 (127 o (4
= ﬂz‘(T)ﬂ(AE)ﬁ(Lp)ﬁL@iA 9y ® GB) @ GF)
8,0 400 GAR GE = B0 5y gy ® G @ GF)
O 2" 5) = ﬁf”ﬁ{‘)ﬁfp)ﬁ&u
ox1

_ () L i
= G 5( )ﬁ(F)VLq)A-i-ﬂ ﬂE)ﬂ (%LV @A

r r 0
— B B Bl VL0 4+ By B 1k, 85, B O

oEL q)iA

<
= V2" ) + Bl By (%LV 02" m)



5. (10%) Let
o =0 (¢ n0) 009 @G0 GP

its left gradient with respect to Lagrange coordinate is
Bee=0,0"%G"202¢ ®G10GP

Let the anholonomic bases with respect to the initial and current configurations are the

general cylindrical and sphere orthonormal bases, to deuce the representation of (ﬁ ®

$)(31232).

(O ® ©)(31232)

— (B® ) (r620)

= 8(Z)<I><r0zz/1>
= 0(2)®(rz)) + T(2zT2)P(r0T) + T(zTY)®(ro=T)
)
+ gz(;) (8([)@(7’02@ + T{lsr)®(sbz1)) + F(lsﬁ)@(rsz@)
_0®(rbzy)
= 10
!
+ ﬁl(l)ﬁg’g)gzg (3<l><1>(7"021/)> + D (lsr)®(sOz1)) + F(ls@)@(rszv,b)) (Here, ﬁl(l) =/9u, 633) =1.)
_0®(rbzy)
B 0z
+1- gz (1 : ({)(Mgizw + T{rsr)®(sfz) + F(rs@)@(mz@)
+r- g <71n : 8@%{;221@ + T(Osr)®(sOz1)) + F(Hsﬁ)@(rsm@)
0 1 0P (ro
+ 7sin - a—f <r v ((;:w + T {psr)®(s0z1)) + F<9089><I><rsz¢>)
0P (rozy)
- 0z
or (0P (rozy)
0z < or * O)
ng (i@@(g?zw — %@(9921/}} + i@(rrm@)
0 1 0®(ré 1 1
+ 7sin 98—;0 <rsin0 ggfw — ;@(w&zw - cot 6 - <I><r<pz¢>>

Problem 3 (Primary Properties of the Deformation Gradient tensor) The deformation

gradient tensor F £ %(f,t)gi ® G4 has the following properties
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1. (20%)

V9
F|=YZ
|F| \Fd agA (&t)
ox' . A )
F= 8€A(£t)gz®G Flugi@G'=Fhglgeg =F,g 4

<. detF = det[F%]

= det[F'y] - det[g;]

GlT
O
= det _8;’4_ ({,t)-det( [917"' ;gm])
GmT
B [ 02" ] N{
= det = (&.1) - e

where, \/g = det[gi,- -, gm] = det P X (z)

VG = det[Gy, -+, G = det@)of(é)

2. (20%)
F=@w®V)-F , F-=—F -(v®V)
= %A(f 1) 91 ® GA(E)
3 A a!L‘Z . A
o' Bl
=3§7<£,t>gi®GA<£> w(é t)( g J>®GA
ok 927 ox’
Z@aTAg’f@GA*aTAW 9 ® 6"
ok 4 02’
8$i§Agk®G +3§AUF g R G
ozt [ ok
(5o
oz’ A
:a£A<V”( D)9 G
oz’ A
—8£AVU g G
i ox?
:(Vz"U gk®g>'(a£Agj®GA>
=weV) F



3. (20%)
F-Ox(b-F)=|F|O0xb, Vb(z,t)eR?
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axi LAB ani o 8:Ci A
bi<VL>€ :bi(agL(‘)fA_rLA3§C)€LB

0%t ozt
_p, _1C ALB
(agAagL FAL@£C>6
:—bi< O g 8mi>eLAB

ocAogt Aol
92t ox’
— oy (2 pe 9T 1ap
<8€L8€A FLA@fC) ‘
ox’
— b 02"\ pap
(VL(%A) ‘
=0
ot ox’ ot 0 ox’ Oz
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oer ! <85A> = bt <6ml <6«5A> +Flk8£“> ‘
Or' pap dx!  9xF g
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O0x7 9zt Ozt AB

L F- 0 b-F)= — 1bi€ ;
* (0 F) = 5ep gt gga Ve i
eLAB 9gd 9zl 9t
= Vibig;
VG 0EB 9gE ogA
lz] oxt
= \/>det [8§A] Vibig;
olid
|F|\/»vlbzgj
= |F|"IV big;
=|F|O0xb
4.
[F|=0|F|

To prove the properties marked as (1),(2) and (3).

Problem 4 (Some Application of the deformation gradient tensor) Let v(x,t) be the
velocity field in the form of Euclian Coordinate,then one has the identify

F-Ox(v-F)=|F|0xuv
Letw2Oxv, U&v-F, Q% 0 x U, the above identify is just
F-Q:\F\w:>w——F Q
|F|
(10%) To prove the following identify

w=w-(0®v)—0w+V xa

where a = v is the acceleration field. It is just the governing equation of the vorticity.

1

cw=—F -0
7]
dw |F| 1 1
C— = Q4+ —F.Q+ —F-Q
a -t T
0 1
— Y roy Lwev) . F.o+LF.Q
7] 7] ]



B x (v-(v@V)-F)

=F ' |FIVxa+F'. (yFyv X (v.(v®V))>
—1 —1 ”U|2

= F [PV xa+ FH |FIV x (V-

= F ' |FIVxa+0

dw WeV)-F.-Q 1 )
L gy WY EE L pl R
o=t E v xa

=—-bw+w- (Vov)+Vxa

Problem 5 (Reynolds Transport Theorem) In continuum mechanics, the integrals on the
material volume, surface and curve can be defined respectively. As soon as the material volume

s considered, say,
I(t) = ﬁ@(z,t)dr

the following identity is valid

I(t):[@(x,t)dfzﬂfb(;(,toﬂﬂdf

1. (10%) To prove

) = [;(%w@)df _ /;/(?;f(:v,t)dT—ké;/ B(v - n)do

I(t):/ O(x,t)dr

Y

I(t):/ <I>]F|dr:/ I F|d
dt %O oA

0

_/ (8171 + 20| F) df—/y (8+02) \F\dT—/%(chracb) dr

to

7+ (v-V)@®+ (V- -0v)P :|d7'

-1,
/ [+v v®<1>)] dr
-]

(x,t) d7'+y{ O(v-n)dr
o
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2. (20%) To deduce the mass conservation equations in the point of view of Lagrange and

FEuler coordinates.

Fular’s view:

d . p 9p
— pdr:/ p+0p dr:/ [+V‘pv}d72 dr+j{ p(v-n)dr =0
dt 7% "//t( ) A ot ( ) "Vtat o ( )

. dp

0p — - . -
p+0p 8t+v (pv) =0
or <9pd7_+7{ p(v-n)dr=0
%Gt Y

3. (20%) To deduce the momentum conservation equations in the point of view of Lagrange

and Euler coordinates.

d/ pvdT = dedT:f (t‘?’L)dO"F/ pfde:/ t-VdT+/ pfmdT
dt Jy, % dt i 7 ¥ ¥
dv

azt-Verfm pa=1t-V+pfm

p

11



Lagrange’s view:

/padT:y{ (t-n)da+/pfde:/t-VdT+/pfde
T ey e KL T KL

/pa|F|dT:/ (V-t)F!dT—l—/ pfm|F|dT
% t t

0 1/0 7/0

(& )IF| = p(&)
LHS - L a(€, Op(E)dr

0
RHSlz/t-VdT:f t-ndo
Y o
0X ax) 0X  0X
[ (2 A,,u,tda:/ t PP | 22 < 22 ) dg
/@M < oN  Ou ( ) D 171 ( ox  Ou )
0X 0X . .
=: 7| =—x—=—|do Here: 7 = |F|t- F~*.
N (m au) ( 7| )

:7{ T-TOsz:/ T'%dO‘
M Yo

RHS2 = /V phml|Fldr = [y Fl€. D) (p(€.1)[F|(€. 1)) dr = [y Fnl&, D)p(E. DT

a(& t)p+T- % = fm(&0)p(€) (r £ |F|t- F~*) (Boussinesq Equation)

Note: To give the deduction and calculation in detail. And as the score is considered, the

reflection of the correct methodologies is oriented.
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