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Please do Your Possible to Accomplish the Following Problems in English.

Problem 1 (Field Analysis in general curvilinear coordinates) (10%) Prove the follow-

ing identity

I
×× (∇× Φ×∇) = ∇⊗ (Φ · ∇) + (∇ · Φ)⊗∇−∇⊗∇(trΦ)−4Φ∗, ∀Φ ∈ Lin

in the point of view of general curvilinear coordinates, where

Φ
××Ψ = (Φi

·j gi ⊗ gj)
×× (Ψp

·q gp ⊗ gq) , Φi
·jΨ

p
·q (gi × gq)⊗ (gj × gp)

∇× Φ×∇ =
(

∂

∂xp
gp

)
× (

Φijg
i ⊗ gj

)×∇

=
(∇pΦij ∈pis gs ⊗ gj

)×
(

∂

∂xq
gq

)

= ∇q (∇pΦij) εpisεjqtgs ⊗ gt
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I×× (∇× Φ×∇) = (gmngm ⊗ gn)××
(∇q (∇pΦij) εpisεjqtgs ⊗ gt

)

= gmn∇q (∇pΦij) εpisεjqtεmtkεnslg
k ⊗ gl

= gmn∇q (∇pΦij)
(
εjqtεmkl

) (
εpisεnls

)
gk ⊗ gl

= gmn∇q (∇pΦij)
(
δj
mδq

k − δq
mδj

k

) (
δp
nδi

l − δi
nδp

l

)
gk ⊗ gl

= gmn∇q (∇pΦij)
(
δj
mδq

kδ
p
nδi

l − δj
nδq

kδ
i
nδp

l − δq
mδj

kδ
p
nδi

l + δq
mδj

kδ
i
nδp

l

)
gk ⊗ gl

= gmn∇k (∇nΦlm) gk ⊗ gl − gmn∇k (∇lΦnm) gk ⊗ gl − gmn∇m (∇nΦlk) gk ⊗ gl

+ gmn∇m (∇lΦnk) gk ⊗ gl

= ∇k (∇nΦl
n) gk ⊗ gl −∇k (∇lΦn

n) gk ⊗ gl −∇n (∇nΦlk) gk ⊗ gl

+∇m (∇lΦm
k) gk ⊗ gl

∇⊗ (Φ · ∇) =
(

gm ∂

∂xm

)
⊗ (

Φi
jgi ⊗ gj

) ·
(

∂

∂xn
gn

)

= ∇m (∇nΦi
n) gm ⊗ gi = ∇k (∇nΦl

n) gk ⊗ gl

(∇ · Φ)⊗∇ =
(

gm ∂

∂xm

)
· (Φi

jgi ⊗ gj
)⊗

(
∂

∂xn
gn

)

= ∇n (∇mΦm
j) gj ⊗ gn = ∇l (∇mΦm

k) gk ⊗ gl = ∇m (∇lΦm
k) gk ⊗ gl

∇⊗∇ (trΦ) = ∇k (∇lΦn
n) gk ⊗ gl

∆Φ∗ = ∇n (∇nΦlk) gk ⊗ gl

Problem 2 (the Meaning of the Gradient a Tensor Field) The norm of the general ten-

sor space T r(Rm) is defined as

|Φ|T r ,
√

Φ¯ Φ =
√

Φi1···irΦi1···ir , ∀Φ ∈ T r(Rm)

1. (10%) To prove the following conclusion

|a⊗ b⊗ c|T r = |a|Rm · |b|Rm · |c|Rm , ∀ a, b, c ∈ Rm

|a⊗ b⊗ c|T r =
√

a⊗ b⊗ c¯ a⊗ b⊗ c

=
√

aibjckaibjck

=
√

aiaibjbjckck

=
√

aiai ·
√

bjbj ·
√

ckck

= |a|Rm · |b|Rm · |c|Rm
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2. (10%) To prove one of the following relations, either Lagrangian or Eulerian, that is avail-

able for any tensor field represented in two-point form

Lagrange Φ(x + δx, t)=Φ(x, t) + (Φ⊗2)(x, t) · δx + o(|δx|Rm)

Euler Φ(ξ + δξ, t) =Φ(ξ, t) + (Φ⊗ ◦
2)(ξ, t) · δξ + o(|δξ|Rm)

where

(Φ⊗ ◦
2)(ξ, t) , ◦

2LΦi
·A(ξ, t) gi ⊗GA ⊗GL,

◦
2LΦi

·A(ξ, t) ,
◦
∇LΦi

·A(ξ, x, t) +
∂xl

∂ξL
(ξ, t)∇lΦi

·A(ξ, x, t)

(Φ⊗2)(x, t) , 2lΦi
·A(x, t) gi ⊗GA ⊗ gl, 2lΦi

·A(x, t) , ∇lΦi
·A(ξ, x, t) +

∂ξL

∂xl
(x, t)

◦
∇LΦi

·A(ξ, x, t)

through which the gradient of a tensor field can be interpreted. Certainly, the affine tensor

is adopted here as the representation of any order tensor field represented in the two-point

form.

Φ(ξ, t) = Φi
A

(
(x(ξ, t), ξ, t

)
gi(x)⊗GA(ξ)

∂Φ
∂ξL

(ξ, t) =
∂

∂ξL

[
Φi

A(x, ξ, t)gi(x)⊗GA(ξ)
]

=
[
∂Φi

A

∂xl

∂xl

∂ξL
+

∂Φi
A

∂ξL

]
gi ⊗GA + Φi

A

[
∂gi

∂xl

∂xl

∂ξL

]
⊗GA + Φi

Agi ⊗ ∂GA

∂ξL

=
∂xl

∂ξL

(
∂Φi

A

∂xl
gi ⊗GA + Φi

A
∂gi

∂xl
⊗GA

)
+

∂Φi
A

∂ξL
gi ⊗GA + Φi

Agi ⊗ ∂GA

∂ξL

=
∂xl

∂ξL

(
∂Φi

A

∂xl
gi ⊗GA + Φi

AΓs
ligs ⊗GA

)
+

∂Φi
A

∂ξL
gi ⊗GA − Φi

Agi ⊗ ΓA
LSGS

=
∂xl

∂ξL

[(
∂Φi

A

∂xl
+ Γi

lsΦ
s
A

)
gi ⊗GA

]
+

(
∂Φi

A

∂ξL
− ΓS

LAΦi
S

)
gi ⊗GA

=
∂xl

∂ξL

>
∇lΦi

Agi ⊗GA +
<
∇LΦi

Agi ⊗GA

=
(

∂xl

∂ξL

>
∇lΦi

A +
<
∇LΦi

A

)
gi ⊗GA

=:
◦
2LΦi

Agi ⊗GA

3. (10%) To prove one of the following relations

◦
2L gi

A(ξ) = 0, 2l g
i
A(x) = 0

that can be considered as the extension of the Ricci’s lemma.
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◦
2L gi

A =
<
∇Lgi

A +
∂xl

∂ξL

>
∇lg

i
A

=
∂gi

A

∂ξL
− ΓS

LAgi
S +

∂xl

∂ξL

(
∂gi

A

∂xl
+ Γi

ltg
t
A

)

=
∂

∂ξL

(
gi, GA

)− ΓS
LAgi

S +
∂xl

∂ξL

(
∂

∂xl

(
gi, GA

)
+ Γi

ltg
t
A

)

=
(

gi,
∂

∂ξL
GA

)
− ΓS

LAgi
S +

∂xl

∂ξL

[(
∂

∂xl
gt, GA

)
+ Γi

ltg
t
A

]

=
(
gi,ΓS

LAGS

)− ΓS
LAgi

S +
∂xl

∂ξL

[(−Γi
ltg

t, GA

)
+ Γi

ltg
t
A

]

= ΓS
LAgi

S − ΓS
LAgi

S +
∂xl

∂ξL

(−Γi
ltg

t
A + Γi

ltg
t
A

)

= 0

4. (10%) To prove the relation of the basis-transformation, i.e., if it is valid that

gi(x) =: β
(j)
i (x) gj(x), GA(ξ) =: β

(B)
A (ξ) GB(ξ)

then
◦
2(F )Φ

(r)
· (E) = βL

(F )β
(r)
i βA

(E)

◦
2LΦi

·A(ξ, t) =
◦
∇(F )Φ

(r)
· (E) +

∂x(l)

∂ξ(F )
· ∇(l)Φ

(r)
· (E)

with
∂x(l)

∂ξ(F )
:= β(l)

q (x)βL
(F )(ξ)

∂xq

∂ξL
(ξ, t)

where
◦
∇(F )Φ

(r)
· (E),∇(l)Φ

(r)
· (E) could be the ”covariant derivatives” defined in the correspond-

ing anholonomic bases with respect to {gi(x)} and {GA(ξ)} respectively.

◦
2LΦi

A gi ⊗GA ⊗GL =
◦
2LΦi

A

(
β

(r)
i g(r)

)
⊗

(
βA

(E)G
(E)

)
⊗

(
βL

(F )G
(F )

)

= β
(r)
i βA

(E)β
L
(F )

◦
2LΦi

A g(r) ⊗G(E) ⊗G(F )

∵ ◦
2LΦi

Agi ⊗GA ⊗GL =
◦
2(F )Φ

(r)
(E) g(r) ⊗G(E) ⊗G(F )

∴ ◦
2(F )Φ

(r)
(E) = β

(r)
i βA

(E)β
L
(F )

◦
2LΦi

A

= β
(r)
i βA

(E)β
L
(F )

<
∇LΦi

·A + β
(r)
i βA

(E)β
L
(F )

∂xq

∂ξL

>
∇qΦi

·A

= β
(r)
i βA

(E)β
L
(F )

<
∇LΦi

·A + βL
(F )β

(r)
i βA

(E)β
q
(l)β

(l)
q

∂xq

∂ξL

>
∇qΦi

·A

=
<
∇(F )Φ

(r)
(E) + βL

(F )β
(l)
q

∂xq

∂ξL

>
∇(l)Φ

(r)
(E)

=:
<
∇(F )Φ

(r)
(E) +

∂x(l)

∂ξ(F )

>
∇(l)Φ

(r)
(E)
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5. (10%) Let

Φ = Φi ·A
·j ·B(ξ, x, t) gi ⊗ gj ⊗GA ⊗GB

its left gradient with respect to Lagrange coordinate is

◦
2⊗ Φ =

◦
2L Φi ·A

·j ·B GL ⊗ gi ⊗ gj ⊗GA ⊗GB

Let the anholonomic bases with respect to the initial and current configurations are the

general cylindrical and sphere orthonormal bases, to deuce the representation of (
◦
2 ⊗

Φ)〈31232〉.

(
◦
2⊗ Φ)〈31232〉

= (
◦
2⊗ Φ)〈zrθzψ〉

= ∂(z)Φ〈rθzψ〉

= ∂〈z〉Φ〈rθzψ〉+ Γ〈zTz〉Φ〈rθTψ〉+ Γ〈zTψ〉Φ〈rθzT 〉

+
∂x(l)

∂ξ(3)

(
∂〈l〉Φ〈rθzψ〉+ Γ〈lsr〉Φ〈sθzψ〉+ Γ〈lsθ〉Φ〈rszψ〉

)

=
∂Φ〈rθzψ〉

∂z
+ 0

+ β
(l)
l β3

(3)

∂xl

∂ξ3

(
∂〈l〉Φ〈rθzψ〉+ Γ〈lsr〉Φ〈sθzψ〉+ Γ〈lsθ〉Φ〈rszψ〉

)
(Here, β

(l)
l =

√
gll, β3

(3) = 1.)

=
∂Φ〈rθzψ〉

∂z

+ 1 · ∂r

∂z

(
1 · ∂Φ〈rθzψ〉

∂r
+ Γ〈rsr〉Φ〈sθzψ〉+ Γ〈rsθ〉Φ〈rszψ〉

)

+ r · ∂θ

∂z

(
1
r
· ∂Φ〈rθzψ〉

∂θ
+ Γ〈θsr〉Φ〈sθzψ〉+ Γ〈θsθ〉Φ〈rszψ〉

)

+ r sin θ · ∂ϕ

∂z

(
1

r sin θ
· ∂Φ〈rθzψ〉

∂ϕ
+ Γ〈ϕsr〉Φ〈sθzψ〉+ Γ〈ϕsθ〉Φ〈rszψ〉

)

=
∂Φ〈rθzψ〉

∂z

+
∂r

∂z

(
∂Φ〈rθzψ〉

∂r
+ 0

)

+ r
∂θ

∂z

(
1
r

∂Φ〈rθzψ〉
∂θ

− 1
r
Φ〈θθzψ〉+

1
r
Φ〈rrzψ〉

)

+ r sin θ
∂ϕ

∂z

(
1

r sin θ

∂Φ〈rθzψ〉
∂ϕ

− 1
r
Φ〈ϕθzψ〉 − 1

r
cot θ · Φ〈rϕzψ〉

)

Problem 3 (Primary Properties of the Deformation Gradient tensor) The deformation

gradient tensor F , ∂xi

∂ξA (ξ, t)gi ⊗GA has the following properties
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1. (20%)

|F | =
√

g√
G

det

[
∂xi

∂ξA

]
(ξ, t)

F =
∂xi

∂ξA
(ξ, t)gi ⊗GA = F i

.A gi ⊗GA = F i
.AgA

j gi ⊗ gj = F i
.j gi ⊗ gi

∴ detF = det[F i
.j ]

= det[F i
.A] · det[gA

j ]

= det

[
∂xi

∂ξA

]
(ξ, t) · det

(



G1ᵀ

...

Gmᵀ


 [g1, · · · , gm]

)

= det

[
∂xi

∂ξA

]
(ξ, t) ·

√
g√
G

where,
√

g = det[g1, · · · , gm] = det D X(x)
√

G = det[G1, · · · , Gm] = det D
◦
X(ξ)

2. (20%)

Ḟ = (v ⊗∇) · F , ˙F− = −F− · (v ⊗∇)

Ḟ =
˙

∂xi

∂ξA
(ξ, t) gi ⊗GA(ξ)

=
˙

∂xi

∂ξA
(ξ, t) gi ⊗GA(ξ) +

∂xi

∂ξA
(ξ, t)ġi ⊗GA

=
∂vi

∂ξA
(ξ, t) gi ⊗GA(ξ) +

∂xi

∂ξA
(ξ, t)

(
∂gi

∂xj
vj

)
⊗GA

=
∂vk

∂xj

∂xj

∂ξA
gk ⊗GA +

∂xi

∂ξA
vjΓk

ji gk ⊗GA

=
∂vk

∂xi

xi

ξA
gk ⊗GA +

∂xi

∂ξA
vjΓk

ij gk ⊗GA

=
∂xi

∂ξA

(
∂vk

∂xi
+ Γk

ijv
j

)
gk ⊗GA

=
∂xi

∂ξA

(
∇iv

k(x, t)
)

gk ⊗GA

=
∂xi

∂ξA
∇iv

k gk ⊗GA

=
(
∇iv

k gk ⊗ gi
)
·
(

∂xj

∂ξA
gj ⊗GA

)

= (v ⊗∇) · F

6



3. (20%)

F · ◦2× (b · F ) = |F |2× b, ∀b(x, t) ∈ R3
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F · ◦2× (b · F ) = F · ◦2×
(

bi
∂xi

∂ξA
GA

)

= F ·
[(

∂

∂ξL
GL

)
×

(
bi

∂xi

∂ξA
GA

)]

= F ·
[
GL × ◦

2L

(
bi

∂xi

∂ξA

)
GA

]

= F ·
[
◦
2L

(
bi

∂xi

∂ξA

)
εLABGB

]

=
(

∂xj

∂ξD
gj ⊗GD

)
·
[
◦
2L

(
bi

∂xi

∂ξA

)
εLABGB

]

=
∂xj

∂ξB

◦
2L

(
bi

∂xi

∂ξA

)
εLABgj

=
∂xj

∂ξB

[( ◦
2Lbi

) ∂xi

∂ξA
+ bi

◦
2L

(
∂xi

∂ξA

)]
εLABgj

=
∂xj

∂ξB

[
∂xl

∂ξL
∇lbi

∂xi

∂ξA
+ bi

(
<
∇L

(
∂xi

∂ξA

)
+

∂xl

∂ξL

>
∇l

(
∂xi

∂ξA

))]
εLABgj

bi

(
∇L

∂xi

∂ξA

)
εLAB = bi

(
∂2xi

∂ξL∂ξA
− ΓC

LA

∂xi

∂ξC

)
εLAB

= bi

(
∂2xi

∂ξA∂ξL
− ΓC

AL

∂xi

∂ξC

)
εALB

= −bi

(
∂2xi

∂ξA∂ξL
− ΓC

AL

∂xi

∂ξC

)
εLAB

= −bi

(
∂2xi

∂ξL∂ξA
− ΓC

LA

∂xi

∂ξC

)
εLAB

= −bi

(
∇L

∂xi

∂ξA

)
εLAB

= 0

bi
∂xl

∂ξL
∇l

(
∂xi

∂ξA

)
εLAB = bi

∂xl

∂ξL

(
∂

∂xl

(
∂xi

∂ξA

)
+ Γi

lk

∂xk

∂ξA

)
εLAB

= bi
∂2xi

∂ξLξA
εLAB + bi

∂xl

∂ξL
Γi

lk

∂xk

∂ξA
εLAB

= bi
∂2xi

∂ξLξA
εLAB + bi

∂xk

∂ξA
Γi

kl

∂xl

∂ξL
εALB

= bi
∂2xi

∂ξAξL
εALB + bi

∂xk

∂ξA
Γi

lk

∂xl

∂ξL
εALB

= −bi
∂2xi

∂ξLξA
εLAB − bi

∂xk

∂ξA
Γi

kl

∂xl

∂ξL
εALB

= 0
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∴ F · ◦2× (b · F ) =
∂xj

∂ξB

∂xl

∂ξL

∂xi

∂ξA
∇lbiε

LABgj

=
eLAB

√
G

∂xj

∂ξB

∂xl

∂ξL

∂xi

∂ξA
∇lbigj

=
elij

√
G

det

[
∂xi

∂ξA

]
∇lbigj

= |F |e
lij

√
g
∇lbigj

= |F |εlij∇lbigj

= |F |2× b

4.
˙|F | = θ|F |

To prove the properties marked as (1),(2) and (3).

Problem 4 (Some Application of the deformation gradient tensor) Let v(x, t) be the

velocity field in the form of Euclian Coordinate,then one has the identify

F · ◦2× (v · F ) = |F |2× v

Let ω , 2× v, U , v · F , Ω , ◦
2× U , the above identify is just

F · Ω = |F |ω =⇒ ω =
1
|F |F · Ω

(10%) To prove the following identify

◦
ω = ω · (2⊗ v)− θω +∇× a

where a =
◦
v is the acceleration field. It is just the governing equation of the vorticity.

∵ ω =
1
|F |F · Ω

∴ dω

dt
= −

˙|F |
|F |2 F · Ω +

1
|F | Ḟ · Ω +

1
|F |F · Ω̇

= − θ

|F |F · Ω +
1
|F |(v ⊗∇) · F · Ω +

1
|F |F · Ω̇

9



Ω̇ =
˙◦

2× U =
˙◦

2× (v · F ) =
◦
2× ˙(v · F )

=
◦
2× (v̇ · F ) +

◦
2×

(
v · Ḟ

)

=
◦
2× (a · F ) +

◦
2× (

v · (v ⊗∇) · F )

= F−1 · |F |∇ × a + F−1 ·
(
|F |∇ × (

v · (v ⊗∇)
))

= F−1 · |F |∇ × a + F−1 · |F |∇ ×
(
∇|v|

2

2

)

= F−1 · |F |∇ × a + 0

∴ dω

dt
= −θω +

(v ⊗∇) · F · Ω
|F | +

1
|F |F · F−1 · |F |∇ × a

= −θω + ω · (∇⊗ v) +∇× a

Problem 5 (Reynolds Transport Theorem) In continuum mechanics, the integrals on the

material volume, surface and curve can be defined respectively. As soon as the material volume

is considered, say,

I(t) =
∫

t
v
Φ(x, t)dτ

the following identity is valid

I(t) =
∫

t
v
Φ(x, t)dτ =

∫
◦
v
Φ(

◦
X, t0)|F |dτ

1. (10%) To prove

◦
I(t) =

∫
t
V

(
◦
Φ + θΦ)dτ =

∫
t
V

∂Φ
∂t

(x, t)dτ +
∮

∂
t
V

Φ(v · n)dσ

I(t) =
∫

Vt

Φ(x, t)dτ

İ(t) =
d
dt

∫

Vt0

Φ|F |dτ =
∫

Vt0

˙Φ|F |d

=
∫

Vt0

(
Φ̇|F |+ Φθ|F |

)
dτ =

∫

Vt0

(
Φ̇ + θΦ

)
|F |dτ =

∫

Vt

(
Φ̇ + θΦ

)
dτ

=
∫

Vt

[
∂Φ
∂t

+ (v · ∇)⊗ Φ + (∇ · v)Φ
]

dτ

=
∫

Vt

[
∂Φ
∂t

+∇ · (v ⊗ Φ)
]

dτ

=
∫

Vt

∂Φ
∂t

(x, t)dτ +
∮

∂Vt

Φ(v · n)dτ
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2. (20%) To deduce the mass conservation equations in the point of view of Lagrange and

Euler coordinates.

∫

Vt

Φ(x, t)dτ =
∫

Vt0

Φ(x, t)|F |dτ

∫

Vt

Φ(x, t)dτ =
∫

Vt0

Φ(x, t0)dτ

∴ Φ(x, t)|F |(x, t) = Φ(x, t0)

⇒ Φ
(
x(ξ, t), t

)|F |(ξ, t) = Φ
(
x(ξ, t0), t0

)

⇒ Φ(ξ, t)|F |(ξ, t) = Φ(
◦
X, t0)

∴ ρ(ξ, t)|F |(ξ, t) =
◦
ρ(ξ)

Eular’s view:

d
dt

∫

Vt

ρdτ =
∫

Vt

(ρ̇ + θρ) dτ =
∫

Vt

[
∂ρ

∂t
+∇ · (ρv)

]
dτ =

∫

Vt

∂ρ

∂t
dτ +

∮

∂Vt

ρ(v · n)dτ = 0

∴ ρ̇ + θρ =
∂ρ

∂t
+∇ · (ρv) = 0

or

∫

Vt

∂ρ

∂t
dτ +

∮

∂Vt

ρ(v · n)dτ = 0

3. (20%) To deduce the momentum conservation equations in the point of view of Lagrange

and Euler coordinates.

d
dt

∫

Vt

ρvdτ =
∫

Vt

ρ
dv

dt
dτ =

∮

∂Vt

(t · n)dσ +
∫

Vt

ρfmdτ =
∫

Vt

t · ∇dτ +
∫

Vt

ρfmdτ

∴ ρ
dv

dt
= t · ∇+ ρfm ρa = t · ∇+ ρfm
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Lagrange’s view:

∵
∫

Vt

ρadτ =
∮

∂Vt

(t · n)dσ +
∫

Vt

ρfmdτ =
∫

Vt

t · ∇dτ +
∫

Vt

ρfmdτ

∴
∫

Vt0

ρa|F |dτ =
∫

Vt0

(∇ · t)|F |dτ +
∫

Vt0

ρfm|F |dτ

∵ ρ(ξ, t)|F | = ◦
ρ(ξ)

∴ LHS =
∫

Vt0

a(ξ, t)
◦
ρ(ξ)dτ

RHS1 =
∫

Vt

t · ∇dτ =
∮

∂Vt

t · ndσ

=
∫

Dλµ

t ·
(

∂X

∂λ
× ∂X

∂µ

)
(λ, µ, t)dσ =

∫

Dλµ

t · |F |F−∗


∂

◦
X

∂λ
× ∂

◦
X

∂µ


 dσ

=:
∫

Dλµ

τ ·

∂

◦
X

∂λ
× ∂

◦
X

∂µ


 dσ (Here: τ , |F |t · F−∗. )

=
∮

∂Vt0

τ · ◦ndσ =
∫

Vt0

τ ·
◦
∇dσ

RHS2 =
∫

Vt0

ρfm|F |dτ =
∫

Vt0

fm(ξ, t)
(
ρ(ξ, t)|F |(ξ, t))dτ =

∫

Vt0

fm(ξ, t)
◦
ρ(ξ, t)dτ

∴ a(ξ, t)
◦
ρ + τ ·

◦
∇ = fm(ξ, t)

◦
ρ(ξ) (τ , |F |t · F−∗) (Boussinesq Equation)

Note: To give the deduction and calculation in detail. And as the score is considered, the

reflection of the correct methodologies is oriented.
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