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The Roles of “To Radically Reform & To Thoroughly Overhaul”
in the Set Up of the Fundamental Mathematical and Mechanical
Knowledge Systems of the Mechanics

XIE Xi-lin

(Department of Mechanics & Engineering Science, Fudan University, Shanghai 200433, China)

Abstract: The fundamental mathematical and mechanical knowledge systems of the mechanics were con-
cluded as calculus and modern tensor analysis with continuum mechanics based on it. As referred to the
related national and international textbooks and monographs with the first levels, the fundamental consti-
tutions of the above mentioned knowledge systems are presented. It was put forward that the knowledge
points with the corresponding knowledge elements are suitable to recognize one knowledge system, and
the radical development property of the knowledge system of calculus is expressed. The concept termed as
“Mathematical Generality” was put forward that are just some mathematical structures or forms as the so-
called knowledge elements of some knowledge points with respect even to different knowledge systems.
Mathematics is taken as the systematic ideas and methods to recognize the natural and unnatural worlds in
the present paper, and the relationships between mathematical knowledge system and mechanical knowl-
edge system are represented to some extents. Some cases originated from the knowledge systems of calcu-

lus, tensor analysis, differential geometry and continuum mechanics are adopted to expound the argu-
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ments that are raised in the present paper. The related proof of the Stokes formula in calculus in the uni-

fied form, the interpretation of the tensor fields gradient in tensor analysis in the point of view of differ-

ential and the definitions of the Lie-derivative in differential geometry viewed from field argument with

the related results are our own cognitions.

Key words: knowledge system; knowledge point; knowledge element; mathematical generality; calculus;

tensor analysis; differential geometry; continuum mechanics

17 . H 1 8 - 19 )
[©) 173
b
Y Y b Y Y
2007 “
”
’ ’ b o
b b b
o ’
b .
> b b
( ) )
° ’ ( )_’® +
=+ HE) + ;@ ;@ + .
: ( )—>® + H @ +
;@ =
b
[1-6]@ s 1
’
Euclid N Riemann Jordan
esgue CHE)
@
b o b
O « (2011—2020 )).
® . .
® (2011 — Vs . . N ;
@ , 5
® V. A.Zorich “Mathematical Analysis” 2, s
Euclid R 4 y 2 Euclid
©® s Euclid s 4
2009) N N N { M ) ( 2010)
@ V.A.Zorich “Mathematical Analysis” 1 2, s (chart)

.Leb-

)



546 33

iR'L?ﬁﬁ% [a, b]-l:Riﬁrlannfﬁﬁ‘
U | [R™ [-Jordan P JlI%E _FRiemannfis}|
R™ B2 U |
(quq AN }grﬁqﬁgé) R™ - Lebesgueill i & Lebesguef 7}
U | (R™PROHAE LR
R R ESURE RS

1

Fig. 1 The frames of the knowledge systems with respect to differential calculus and integral (right)
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Fig. 2 The frame of the knowledge systems with respect to

modern tensor analysis with continuum mechanics based on it
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Fig. 3 The sketch of the radical development property of the knowledge system of calculus
Euclid

b b b b
s Euclid , s
3 , , s
“ ”»
b b
o ) s C ) ( ) )
@ , { ) 2004)

© 1994-2013 China Academic Journal Electronic Publishing House. All rights reserved. http://www.cnki.net



33

”»

§ 1. Euclid () R"DOQ3x—>f(x)ER",
fat=fo+Loan+rodnlo. LweLm  rY

d
&l e = J(E D s
Df(x)z[%(r)}é RO,

R m

R m

flxth)=f(x)+Df(x) * hto(|h|zgn)ER",
S 2. :CIJ(I):[RR”’3(291\—»@(I)é@{",k(I)gi@)gj@gk(x)e T (R"),
42 el (r". T*(R™)).

ot =) +32 ol h]en).
dx dx

T (R™) @l g, 6 VOOD=/D"D,, ,

P(xth)=0(2)+ V0. (2)g,Xg'Dg, ()« h'+o(|h|zm)
=P () +[V,0. (2) g, Qg XDg,Xg’ (x)] * [hig,(x)]=:0(2)+H(DPXV)(x) » HET (R™)

L= (@@V) ()« hs Hy=h'g, ()
“ 210

§ 3. :C”(Q)Sf(x)\—»F[f]éjL(x,f(x),Vf(x))dré[Ri,
0
F(erh):F(f)+i—P]:(f)(h)+o(\h|mm), %(f)GL(C”(Q),R)Q
AE =D, F(p alimESTA D TFD cpo,
df A0 A

Lagrange-Euler
drol . L 4oL B
dl.[avf(x,f(l),Vf(l))} af(x,f(f),Vf(x)) 0.

Euclid

Euclid

Legendre

{

Euclid



Euclid
@ ( Banach ) o
Banach
Euclid o
T (R™"),veT (R"), f(D,T)=0€T' (R,
P, €T (R, ¥, €T (R"),

1. f(®,,¥,)=0
2. Dyf(®,, wHEL(T (R"), T"(R"))

(P,,¥,) :T=g(P)ET (R"), S(D,g(P))=0€ T (R")

b

Dof(@.g(2)+ Dy f(d.g(0))Dg(P)=0E LT (R"). T (R")),

3
3‘1 13 ”@
floy=[e, + > i) JHole—z ")
k=1
X D) :@
, . :1_1 =1+ > 2 oz, @ c
x E=1
1 1 _ : 3Nk 3n “ ” di_f
— , 1+x3_1+ ; (—a2)"+to(a"), @ flx) , df(x)
s - 7 Jf(x)dxo @ Landau “
", oA a’Fto(a’)=0(2") AERY
I (1= L o) | ==Lt oL (—L o)) o (—LFola)
ncos.r—n( 5 01))— o5 o(x”) ?'< o o(x )) o(( 5 01)))
2 2
Z*%+()(IS)+()(JT4)Z*%Jr()(l‘s)
3.2 “ Euclid o
0] ; ,
s { Yo 2 ) V. A. Zorich  “Mathematical Analysis”(Vol. 2)
) { »o o2 o) 3 @
©)] H
@ { ( )



33

550

Eddington € e, =800—0,007, €’ Eddington

,Kronecker 07 o Kronecker

. @Ricci : .Eddington , V, € () Vg, ()

R ,Ricci Riemann . ®@Euclid
, V,V,=V,V,. ,Euclid ( )
Riemann— Christoffel .
. =0 g,Qg’

VX(VXP)=V X(€, V' g XRgH=€"V (€,V'd )gRg=€"€,V (V' )Hg g
=(8]0,— 0,00V (VD" Dg.Rg' =V (V, 0" )gXg' —V (VD' )g,Xg'

’ o ’ ’
b o ’
Cartesian . , Cartesian
’ b
o
[13 »
3.3 @
( ) , “
” .Laplace . , ,
“ ”
b o
“ ”»
b o
( ) , 0

VRO(x): =V 0. (2)g'Xg,Rg' Dg, (2)=:V(, &5 (g Pg, Qg Dge,, ()

{g.} {gw) ’ g(oﬂchmgz’gm!:C(/mglo Vi
Q(.a()ﬁ.)(}/)(-r) ’ V(g) ®<.Q()ﬂ‘)(0) (.T):(:([g)
CiCl C ()« V@1 (). @ -

Christoffel ,
19y ZZC(ZO)az
_ » ‘ 5C?
Christoffel T (2):=CCl, Clyy (2) « Th () —C{,, Cly (2) » 5 L (x)
x

Ca) » () _ Ca) + () Ca) ()« () __ () Ca) =+ () (@2 Ca) = ()
:V(()) ®~(ﬂ) (I>2*a(0> ®‘(/9) (‘r)+1—‘(0>(/1) ®-(3> F(O)(ﬂ) ®~(/1) +F(0)(/L) ®-(ﬂ)

©) . ,

. 1
190 1 — (/ga) 9, =——9,

v Ew

l
Christoffel :I{abfa)=—T<aaB)= L. om \/g(aiﬁ),

B
g ox
sV DBy (1) : =3y DLaby) (2) + T Opa) DBy ) + OB Dlarty) + {0y ) D abrt)

©) i s Einstein o
@ s § ( D))



, :D \ , ; N
, . . @ .
N b N o @ b ~
dX _ dix A
i ()= o COR Fa $A<s g (DRGH(E) , Azt (&Y
Ag (o) (G () . Narson
, o)
<> dd—f(,U—L d—X(A), 5<<A)6[Rﬁ A
GR ;LéV@V 9V °
X 8X,, , _,. raX 0aX : :
<& LS e [ana (A, #)] XA, mER
LA ) ER? s Boall— VRV AV -V \
<>
B !
dijcp*rdl—d%j@*%(,\)d/\:Jd‘)*rdlﬂqub*(L-r)dl
y ‘ y y
<>
C%J (P‘knda—cﬁtnj cp*[%—x a—Xu /l)]da: J dﬁ*ndmLJ @ (B« n)do
* ] ®’ ~ °
ax| ax| ax 1
<> H‘(/\)*T'L'T H‘(A)*T'D‘z’ H‘(A)’ T ,Dé?(V
RXV+HVYXRV) ;
©) 4 )
{ ) 5
s { »
@ 4 )
( ¢ ” )
( ) ( , 2003)

Reynolds



oX X oX _aX aX aX
<> [8){’8/1’ alJ :|(A /“9)/) 6[8/\’8#’81/ }(A’#’V)o
. . o
<>
d d
a7 odl= di (IJ (Dda= | ddl+ | d(z + D« £)dl
<>
di” Bds =ddtpjcpaf %‘u 1 de= J bdo+ J ods— J OCn D~ n)do
bY . ) ) b)
_ [ ro® '
= J [¥(~r,t)+v . (V@@)]da* J ®d(n + D+ n)de
> >
<>
d (pq_d [ oroX aX oX ~ [oav |
dtJ(de I J @[aa, 22 o }u,#,wdv ddv+ | Podw
v Do v v
:J [%—fu,twv (V®<D)} J%—f<1,z>dv+3§qs<v- wdo
v v v
4
, “ 7o ”(Mathematical Generality) —— s
5 o , V. 1. Arnold “On Teaching Math-
ematics” ,
[13]
4.1 :“ ”
: m A, B, G, G'AG=1,
GTBG:Aa I 7A::diag[klv'"9km] ’ A,ER(1<Z<7H)"B_A;A‘:OD
s : (') Agi)
_1 . . . 1'T .
T(L)—?g,j(x(”)x (Z)I’(L)—:?I cLg,; 1(x () = x5
U(t):%° o U (a2 ()= *x Y(t) e [ ain](x(t)) c 2 (1),
dx'da’ ox
o'U
L, 1 [a . }um) . ;




[14,15]

s Lagrange-Euler .
ym+1 Euclid
S(x):R"DD, Sx—>3(x)ER"
( DS(z)e R ), Aa(D3)' (2) « DS(x).Ba —
(D3)"(x) » Dn(x)( n(x) ) m . ,
Gauss HéZA,,KéHAi, m
i=1 =1

[16]

4 X 2 : [13 ”
Stokes

SE alx,y,z) e« tdl= J rota(x,y,z) * ndo,

(,‘Jy; E
a(I»y,Z):(Pi+Qi+Rk)(193/72)7 > nyzo
Stokes ,
v i edi— [ (OB 2P
(jg Plx,y,2)i « ¢dl J‘(az.] ayk)(:c,y,z) ndo,
Stokes ) § alx,y,z) e« tdl o

4 Stokes
Fig. 4 The sketches utilized for the proof of Stokes formula

)
3@ NERTIOR rdz:jam . %(z)dz

C
ayz

B

dC
:jEP,Q,R]m (PCC, () - S )dr

P dx/du dx/dv
J[P,Q,Ryt) «oy/ou oy/ou|(ul(t).v(t)) - [
¢ dz/9u 9z/dv

u

}(t)dz‘

%



554

33

P dx/du dx/dv )
—J {EP,Q,R] dv/du|. [P.Q.-R1|2y/3v | |Cult)u(i)) « [qmd[(
“ dz/du 9z/dv v

ox/du ox/dv
= J [P,Q,R]{ay/au i+[P,Q,R]{8y/av}(u,‘v)j « 7di(
€ 9z/2u 9z/3v
J N dx/dv N dx/du 1
= J Su [P.Q.R] {ay/az} 30 [P.Q:R] ay/au] (u,v)de( Green
P 1 9z/dv 9z/du

dx/dv dx/du
[} o)
™ [P.Q.R]|oy/ov 50 [P.Q.R]|oy/ou
9z/3v dz/du
ox/dv Qx/dv
[} ]
—afu[P,Q,R] * |9y/3v|+[P.Q.R] - 3u dy/dv
9z/9v 9z/dv
dx/du dx/du
o ]
dz/du dz/du
ox/dv dx/du
fe) [}
:aiu[P’Q’R] * ay/a‘v _a[PngR] . ay/au
9z/9v oz/du
P P
=[ox/0v dy/ov az/av:|°a% Q| —[ox/ou o2y/ou az/au]'% Q
R R
P P
[6x/0v 8y/ov 8z/av]°a% Q| —[ox/ou dy/ou az/au]-a% Q
R R
oP/2x 09P/3dy oP/ox dx/du
=[0x/9v 3dy/dv 3z/dv]- |29Q/dx 3Q/dy 3Q/d=z dy/du
9R/3x ©°R/3y ©°R/ox 9z/du
oP/ox oP/oy oP/oz ox/0v
—[ox/2u dy/ou 2z/oul- |o0Q/ox 3Q/oy oQ/oz dy/dv
oR/ox oR/oy oR/ox 9z/dv
=:0'Aa—a"'Ab=0"Aa—b"A"a=b"(A—ANa=:0"Qa
Q2 Ds—(D3)' . 4,
s 0
0 ws w, a, i J k
Q'a::D J k] W3 0 —w | |4 | T o w, w3 | =eXa



w:w1i+w2j+w3k °
0 —w, W,
s b 0a=0b"| w, 0 —w;| *a=b-+(wXa)=(wXa)*b=(aXb) - o
T wy w1 O
0 oP/3y—23Q/2x dP/9x—93R/ox
NLA—A"=|3Q/ox—03P/dy 0 9Q/dz—0R/dy
OR/9x—0oP/9z 9R/2y—2Q/oz 0
_(9R_2Q,\. oP_ oR,., 0Q_oP
Y=oy s )T (5 ax f T (3a oy )
,RHS = J rota(u,v) » (r, Xr )(u,v)do= J rota(x,y,z) * ndo, .
I)“u 2
Jacobi
[1s] . . , Stokes
5
:D ;@ (
);@ ( ) ° ’
Gauss— Ostrogradskii Newton— Leibinze s ﬂgsfmda: J V edr
k\%4 1%
9€a~nda:JV'adfo ; y
)% \%
Archimedes o

. V.A Zorich “Mathematical Analysis”
. V.1.Arnold A.Zorich “Mathematical Analysis” “
7, V. 1. Arnold “Mathematics is a part to physics. Physics is an experimental

science, a part of natural sciences. Mathematics is the part of physics where experiments are cheap” ",

V. 1. Arnold , . ,
, . ) (
) (Riemann Darboux ) ; : N
. . Euclid o , (
) Darboux o,
, Darboux ) ’

o ’ b




556

33
, ( )
5.1 N Lagrange Hamilton
V.LArmold e .
:(DLagrange : {qg'}iZy g hioy
( ) ) i {¢'}Z)  Cartesian ,
@Hamilton : Legendre ,  Lagrange Hamilton , {q' )=V
(aiyioy (g'yin) (p )} \
2N , Hamilton ( ) ;
) ( )
, ( ) o
///'/'..
dx y
—(6:8) =V (x(5¢€).t)
dt |
1.C.x(t;&)=¢
A
5 Lie
Fig. 5 The sketch utilized for the definitions of Lie-derivative
5.2 . :Lie .
Lie ’
[8.14.17]
Lie ( ) Lie R
[17]
’ ’ Lie . 5
@ Lie “ ”»

C 'E ’ - E,
L&, 1) —lim 23 DT OCE L) 00

1>t t_t() at<g,t0)+v.v®@(s’t0)

©) Lie “ ”

Il‘/vé(S’to)::lim(P(.T(t;E)st)7®($7t)7

— VevVRao(&, 1)
(=1, t t,

b A ’ o ’

. % .., oV’ .. oV! i
L.® k E,t :Vz ,‘ ke . .\. K . 1‘ »ki . ,‘ R
VO (8 ) 2P T s P +af] A T

=V'[0@. +I@. — &, +I.0. 1(§,t)=V'V,&. (5,1



1 . » 557
’ Lie H . Lie
6
s
o s s
“ 7, :@ ,
; o , “ )
. 3 ¢ 7 .
“ )
’ o P
s s o s
s o s
, ( ) o
[1] . ( NEEN )[M]. .1999.
[2] ZORICH V A. Mathematical Analysis (Vol. 1. 2)[M]. Berlin Springer-Verlag, 2004 ( ).
[3] . ( NN Y [M]. : .2009.
[4] . . . ( . M. .2004.
[5] . . M. . : . 2006.
[6] . [(M]. s .. . 2005.
(7] (cly/ (2010 11 ) €
2010). .http: / mechanics. cncourse. com
(8] ( )[M]. . 1988.
L9l M. : , 1980.
[10] ( 5 y[MI. , , 2007.
[11] (M. ,2003.
[12] cly (2010 11,
) s 4 2010). . http: // mechanics.

cncourse. com
[13] ARNOLD A I. On teaching mathematics] EB/OL]. This is an extended text of the address at the discussion on teaching of mathematics

in Palais de Découverte in Paris on 7 March 1997. http://pauli. uni-muenster. de/ ~munsteg/arnold. html
[14] [(M]. . . 2006.
[15] s s . ( )[M]. . 1997.
[16] . [M]. . . 2006.
[17] DUBROVIN B A, FOMENKO A T, NOVIKOV S P. Modern Geometry-Methods and Applications (Vol. 1, 2, 3)[M]. New York:

Springer-Verlag,1985. ( )



