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1. Ä��`¯K{0 1.1 �o´Ä��`¯Kº

�o´Ä��`¯Kº

I ·��`µ�½8I¼êÚ�å^�§ÀJ�Ï�`�ûü5K§½�`) x∗"

Max
x∈X

U (x, z; θ)

s.t. G (x, z; θ) = 0

I Ä��`µ�½8I¼êÚ�å^�§�)3,
��7L����G�§ÀJ

�^�`�m´» x∗ (t)"

Max
x(t)∈XT

U (x (t) , z (t) ; θ)

s.t. G (x (t) , z (t) ; θ) = 0
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1. Ä��`¯K{0 1.1 �o´Ä��`¯Kº

­�Vg

I x0 = A, xT = Z ¡�>.^�½î�^

�£transversality condition¤

h (x, T ) = 0¶

I x (t) �G�Cþ£state variable¤§b

½G��m£state space¤ XT ��§=

�3#N´»¶

I o�^!o|d�¢�¼ê V : XT → R
��¡�d�¼ê£value function¤¶

I �å^�¥�)£ãG�=£����

§§½��Cþ£control variable¤

u (t) = g [x (t) , x (t′) , z (t) ; θ] , t′ > t
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1. Ä��`¯K{0 1.2 ¯K©a!«~Ú¦)�{

¯K©a

I lÑ�m vs. ëY�m¶

I k�Ï. vs. Ã�Ï.¶

I (½5¯K vs. �Å5¯K¶

I �½ª(: vs. �Cª(:µ

/Ð©�m¨Ð©G�0Ú/ª(�m¨ª(G�0P�kSé (0, A) Ú (T,Z)§

eüöþ²(�½§=��½ª(:¯K¶��½ (0, A)§(T,Z) Ø½��Cª

(:¯K§d�·�I���î�^� h (x, T ) = 0 5�O£¿��`´»XÛ

/BL0ª(�¤"�Cª(:q�©�n«�¹µ

R�ª(� Y²ª(� ª(­�
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1. Ä��`¯K{0 1.2 ¯K©a!«~Ú¦)�{

¯K«~

1. )·±Ï;O

Max
∫ T

0
e−ρt ln (c) dt

s.t. dk
dt
≡ k̇ = w + rk − c

k (0) = k (T ) = 0

2. (½5ÚØ(½5�¹e��`O�

Max U0 =
∞∑
t=0

βt ln ct

s.t. ct + kt+1 = zf (kt) + (1− δ) kt
k0 = 1, lim

t→∞
βtu′ (ct) kt+1 = 0

Max E (U0) = E

[
∞∑
t=0

βtu (ct)

]
s.t. ct + kt+1 = ztf (kt) + (1− δ) kt

k0 = 1, lim
t→∞

E0

[
βtu′ (ct) kt+1

]
= 0

ln zt = ρ ln zt−1 + εt, z0 = 1, ρ ∈ (0, 1)

3. ó�|Ï

Max

{
x

1− β , β
∫ ∞

0

ydF (y)

}
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1. Ä��`¯K{0 1.2 ¯K©a!«~Ú¦)�{

¦)�{

±(½5�½ª(:¯K�~ £x (0) = A, x (T ) = Z¤µ

¦)�{ ¯K£ã êÆóä

.�KF Max V =
∑T
t=0 F (xt, xt+1)

î.�§
�;C© MaxV =

∫ T
t=0

F (t, x, x′) dt

�`��
MaxV =

∫ T
t=0

F (t, x, u) dt

s.t. x′ = g (t, x, u)
Ç��î�§

Ä�5y V (x) = Max
x′∈g(t,x,u)

F (x) + βV (x′) ��ù�§

Ù¥µG�Cþ x!��Cþ u!d�¼ê V!üÑ¼ê£½=£�§¤g§±9

�Ï£�¼ê F"
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2. êÆÄ:£�¤µ�©£�©¤�§ 2.1 ��oI��©£�©¤�§º

��oI��©£�©¤�§º

±(½5��`O�¯K�~µ

Max
{kt+1}∞t=0

U0 =
∞∑
t=0

βt ln ct

s.t. ct + kt+1 = zf (kt) + (1− δ) kt
k0 = 1, lim

t→∞
βtu′ (ct) kt+1 = 0

�duµ

Max
{kt+1}∞t=0

U0 =

∞∑
t=0

βt ln [zf (kt) + (1− δ) kt − kt+1]

d��^� dU0
dkt+1

= 0 ��î.�§£Euler equation¤µ

ct+1

ct
= β

[
zf ′ (kt+1) + 1− δ

]
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2. êÆÄ:£�¤µ�©£�©¤�§ 2.1 ��oI��©£�©¤�§º

��oI��©£�©¤�§º

î.�§Úý��å�§éá��������©�§=�)^�µ{
ct+1

ct
= β [zf ′ (kt+1) + 1− δ]

ct + kt+1 = f (kt) + (1− δ) kt

·�'%�´µ

I �½��<�Ð©]��þ k0 §¦AT3z�Ï�¤õ�!;Oõ�§±¢y�

)��^��z§=�`´»£optimal path¤ {ct, kt+1}∞t=0 ´�oº

I ²L�Ï�Ä�üzUÄ��­�£steady states¤ lim
t→∞

kt = k∗, lim
t→∞

ct = c∗º

I l�cG�Ñu§²L�­�LÞò�ÌN��=£Ä�£transitional

dynamics¤L§º

nþ§3lÑ�mÄ��`¯K¥§)^�´�©�§|§éuëY�m¯K§)

^�Ò´�©�§|§Ïd�©£�©¤�§´·�©ÛÄ��`¯K�Ä�óä"
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2. êÆÄ:£�¤µ�©£�©¤�§ 2.2 �§|�)�²­5^�

�����©�§�)�²­5^�1

yt �Ä�L§�±Lã������©�§£Ù¥ εt*N
(
0, σ2

)
, y0 = µ+ ε0¤µ

yt = µ+ φyt−1 + εt = µ

t∑
s=0

φs +

t∑
s=0

φsεt−s

du ∂yt
∂ε0

= φt§��m t→∞ �§yt �²­5¿�X�Ï��ÅÀÂK�k�§
ù�du |φ| < 1" ÄK φ > 1 � yt ¬üNuÑ§φ < −1 �¬��uÑ"

~X3 Solow-Swan �.¥§��I[�]�

È\�±Lã���5�����©�§µ

Kt+1 = (1− δ)Kt + sYt = (1− δ)Kt + sAKα
t

�½ëê δ = 0.05, s = 0.4, A = 1, α = 0.3§

mãÐ«
 K0 = 1 Ú K0 = 5 ü«�¹e]�

Kt �Ä�ü?L§"

1
3d­:?Ø�5�©�§§'u�©�§�¦)�ë�÷8,!¢ï�£2014¤"
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2. êÆÄ:£�¤µ�©£�©¤�§ 2.2 �§|�)�²­5^�

õ����©�§|�)�²­5^�

��p��©�§ yt = µ+ φ1yt−1 + φ2yt−2...+ φpyt−p + εt �±^ü�O���

{U��õ����©�§| Yt = µ̃+ ΦYt−1 + ε̃tµ
yt

yt−1

...

yt−p+1

 =


µ

0

...

0

+


φ1 φ2 · · · φp

1 0 · · · 0

...
. . .

. . .
...

0 · · · 1 0




yt−1

yt−2

...

yt−p

+


εt

0

...

0


þã�§|��±�� (I − ΦL)Yt = µ̃+ ε̃t§�âÇ��î(1999)§� Φ �¤kA

����Ñ�u1 £|λi| < 1, (i = 1, 2...p)¤�§�§|�)�µ

Yt = (I − ΦL)−1 (µ̃+ ε̃t)

Ù¥ (I − ΦL)−1 = I + ΦL+ (ΦL)2 + ... =
+∞∑
j=0

(ΦL)j"
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2. êÆÄ:£�¤µ�©£�©¤�§ 2.2 �§|�)�²­5^�

± AR (2) �~�­½5^�

AR (2) L§ yt = µ+ φ1yt−1 + φ2yt−2 + εt ��������§|µ[
yt

yt−1

]
=

[
µ

0

]
+

[
φ1 φ2

1 0

][
yt−1

yt−2

]
+

[
εt

0

]

¦) Φ �A��§��A��µ

|λI − Φ| =

∣∣∣∣∣ λ− φ1 −φ2

−1 λ

∣∣∣∣∣
= λ2 − φ1λ− φ2 = 0

⇒ λ1,2 =
φ1±
√
φ2
1+4φ2

2

yt �²­5^� |λ1,2| < 1 I�Ó�÷vµ

−1 ≤ φ2 ≤ 1!φ2 < 1− φ1!φ2 < 1 + φ1 §

=(φ1, φ2)á3mã¤«�ùÚn�.«�

S"
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3. êÆÄ:£�¤µ�ÅL§ 3.1 �ÅL§Ä�Vg

�ÅL§�½Â�êiA�

I �ÅL§£stochastic process¤´�ÅCþU�m?ü�8Ü"�éz�ëê

t ∈ T§Y (t, ω) Ñ´���ÅCþ§K¡e¡��ÅCþx��ÅL§µ

YT = {Y (t, ω) |Y : T × Ω→ R}

I êiA�µ

êiA� ½Â ���

þ� µt E (Yt) Ȳ = 1
T

T∑
t=1

Yt

��

V ar (Yt)
E
[
(Yt − µt)2

]
s2Y = 1

T−1

T∑
t=1

(
Yt − Ȳ

)2
��� γt,s E [(Yt − µt) (Ys − µs)] 1

T−l−1

T−l∑
t=1

(
Yt − Ȳ

) (
Ys − Ȳ

)
, s = t+ l

g�'Xê

£ACF¤ ρt,s

γt,s√
γt,t
√
γs,s

T−l∑
t=1

(Yt−Ȳ )(Ys−Ȳ )√
T−l∑
t=1

(Yt−Ȳ )2
√√√√ T∑

s=l+1
(Ys−Ȳ )2

, s = t+ l
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3. êÆÄ:£�¤µ�ÅL§ 3.1 �ÅL§Ä�Vg

�ÅL§�©aµ�mëê�G��m

1. �mëê t ´ÄëYµS�£series¤vs. L§£process¤

I t ∈ {...− 2,−1, 0, 1, 2...} ����lÑCþ�§¡ {Yt} ��mS�¶
I t ∈ (−∞,∞) �Ø���ëYCþ�§¡ {Y (t)} ��ÅL§"

2. G��m Yt ∈ S ´ÄëY
I lÑG��mµS = {S1, S2, ...}§Xê��Åó"
I ëYG��mµS = R§X�BL§Úê��ÅL§�"
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3. êÆÄ:£�¤µ�ÅL§ 3.1 �ÅL§Ä�Vg

�ÅL§�©aµVÇA�

3. éÜ©Ù´ÄCzµ²­£stationary¤vs. �²­£non-stationary¤

I ∀t1, t2...tN ∈ T Ú s > 0§XJ Yt1+s, Yt2+s...YtN+s Ú Yt1 , Yt2 ...YtN

k�Ó�éÜ©Ù§K YT î²­"

I ∀t ∈ T§þ� E (X) = µ Ú��� Cov (Yt, Yt+j) = γj Ø��m t


Cz§K YT f²­£½°²­!���²­¤¶

I Ø÷vþãü«½Â��ÅL§§´�²­�"

4. ^�VÇ´ÄÕá"~Xê��Åó�½Â�µ

P (Yt+1 = st+1|Y1 = s1, Y2 = s2, . . . , Yt = st) = P (Yt+1 = st+1|Yt = st)

�BL§Úê��ÅL§�äkT5�§� AR (2) ÒØä�ê¼5�"
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3. êÆÄ:£�¤µ�ÅL§ 3.2 ²­��²­�mS�

²­�mS�©a

I AR (p)µp �g£8£autoregressive¤

Yt = φ0 + φ1Yt−1 + ...+ φpYt−p + εt, εt*N
(
0, σ2

)
I MA (q)µq �£Ä²þ£moving average¤

Yt = µ+ εt − θ1εt−1...− θqεt−q, εt*N
(
0, σ2

)
I ARMA (p, q)µ(p, q) �g£8£Ä²þ£autoregressive moving

average¤

Yt = φ0 + φ1Yt−1 + ...+ φpYt−p

+ εt − θ1εt−1...− θqεt−q
, εt*N

(
0, σ2

)
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3. êÆÄ:£�¤µ�ÅL§ 3.2 ²­��²­�mS�

�²­�mS�©a

I Ø�¤£��Åir£random walk¤½ü �£unit-root¤L§µ

Yt = Yt−1 + εt, εt*N
(
0, σ2

)
I �¤£��Åir£random walk with drift¤µ

Yt = δ + Yt−1 + εt, εt*N
(
0, σ2

)
I �ª³��Åir£random walk with trend¤

Yt = βt+ Yt−1 + εt, εt*N
(
0, σ2

)
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3. êÆÄ:£�¤µ�ÅL§ 3.2 ²­��²­�mS�

²­��²­S��'X

I =�µÈ©��©

I ²­S�²L d �È©��±C��²­S�§~XxD(L§�1�È©

� Yt =
t∑

s=0

ε0§Ù�� V ar (Yt) = tσ2 ò�X t �O\
O\§Ø�3­

�©Ù"d²­S�²L d �È©����²­S�¡� d �üÈ

£integrated of order d¤S�§P� Yt*I (d)"

I ��§�²­S� Yt ²L d ��©��C�²­S�§Xü �L§²�

��©�C�xD(L§µ∆Yt = Yt − Yt−1 = εt"��/§XJ Yt ²L d

��©�C� ARMA (p, q) L§§K¡� ARIMA (p, d, q) L§"

I £8µ���¸Ø£8

±�5£8�. yt = Xtβ + εt �~§b½Cþ yt Ú Xt ´�²­�"

I XJ yt �±L«� Xt ��5|Ü§Kþã£8���í�� εt ²­§¡

yt Ú Xt ��£cointegrated¤"

I ÄKXJ εt Ø²­§�ê½nÚ¥%4�½n¤�¦�k���^�Ø÷

v§OLS �O���(JØ�&§¡�¸Ø£8£spurious regression¤"
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3. êÆÄ:£�¤µ�ÅL§ 3.3 ê��ÅL§

Ä�Vg

±��ê��Åó zt �~§P pij (t) = P (zt+1 = Zj |zt = Zi) � t ��G��

Zi!t+ 1 ��G�� Zj �VÇ"

I e pij (t) ≡ pij ��mÃ'§¡ zt �àgê¼ó§=£Ý
 P = [pij ]§Ù¥

pij ≥ 0§��\o
∑n
j=1 pij = 1"

I éu½Â3 Z þ�VÇ©Ù π = (π1, π2...πN )§XJ π = πP§K π � zt �²

­©Ù"w,§π ´ P ��u 1 �A��¤éA��A��þ"

I l,�Ð©©Ù π0 =
(
π0

1 , π
0
2 ...π

0
N

)
Ñu§k πt+1 = πtP = π0P t"XJ

lim
t→∞

πt = π∗ �3§K¡ π∗ � zt �4�©Ù"XJ π∗ � π0 Ã'§K¡Tê¼

ó´H{�£ergodic¤"

I XJ ∀i, j, pij > 0 §Kk lim
t→∞

P t = P ∗ =


π1 π2 ... πN

... ... ... ...

π1 π2 ... πN

§zt H{²­
π = π∗ = P ∗i"
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3. êÆÄ:£�¤µ�ÅL§ 3.3 ê��ÅL§

Ê«a.�4�©Ù2

1. ��²­©Ùµ

P =

[
3/4 1/4

1/4 3/4

]
, P ∗ =

[
1/2 1/2

1/2 1/2

]

2. ��²­©Ù§��3lmÒØ¬�£�6�£transient state¤µ

P =

 0.4 0.3 0.3

0 0.5 0.5

0 0.5 0.5

 , P ∗ =

 0 0.5 0.5

0 0.5 0.5

0 0.5 0.5


3. õ�²­©Ù§��36�µ

P =

 0.4 0.3 0.3

0 1 0

0 0 1

 , P ∗ =

 0 0.5 0.5

0 1 0

0 0 1



2
5gd÷ÄÚ©kd£1999¤5²LÄ��48�{6"
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3. êÆÄ:£�¤µ�ÅL§ 3.3 ê��ÅL§

Ê«a.�4�©Ù£Y¤

4. ü�²­©Ùµ

P =


0.3 0.7 0 0

0.3 0.7 0 0

0 0 0.7 0.3

0 0 0.3 0.7

 , P ∗ =


0.3 0.7 0 0

0.3 0.7 0 0

0 0 0.5 0.5

0 0 0.5 0.5


5. ±Ïµ

P =


0 0 0.5 0.5

0 0 0.5 0.5

0.5 0.5 0 0

0.5 0.5 0 0



P 2t →


0.5 0.5 0 0

0.5 0.5 0 0

0 0 0.5 0.5

0 0 0.5 0.5

 , P 2t+1 →


0 0 0.5 0.5

0 0 0.5 0.5

0.5 0.5 0 0

0.5 0.5 0 0


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3. êÆÄ:£�¤µ�ÅL§ 3.3 ê��ÅL§

A^«~µ­�<�©Ù

David C. LayÍµ5�5�ê9ÙA^£�Ö13�¤6§4���È§Å�ó�Ñ��§2005

I �âþã�Ñ<�[£�=£Ý
"

I ´Ä�3<�©Ù�­�º

I XJýO�5o<��1000�§�¯Ø43¢½Úà~��Óõ�º
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3. êÆÄ:£�¤µ�ÅL§ 3.3 ê��ÅL§

A^«~µ²LO��²­©Ù

±�Å�`O�¯K�~§S)Cþ�Ä��§�µ

ln kt+1 = ln (αβ) + α ln kt + ln zt

ln ct+1 = ln (1− αβ) + α ln kt + ln zt

� εt*N(0, σ2) �§ln zt*N(0, σ2

1−ρ2 )§Ïdkµ

lim
t→∞

E (ln kt) = ln k∗ =
ln (αβ)

1− α
lim
t→∞

E (ln ct) = ln c∗ = ln (1− αβ) + α ln k∗

lim
t→∞

V ar (ln kt) = lim
t→∞

V ar (ln ct) =
σ2

(1− α2)(1− ρ2)

lim
t→∞

Cov (ln ct, ln kt) = 1

²L��­��§S)CþÑl²­©Ù Φ(k, c)§ù´(½5XÚ¥²­:

(k∗, c∗) ��ÅaqÔ"
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