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3. 3�5�mV¥§��þβ���þ|a1, a2, a3, . . . , ar�5L«§�ØU��þ

|a1, a2, a3, . . . , ar−1�5L«"y²�þ|a1, a2, a3, . . . , ar��þ|a1, a2, a3, . . . , ar−1, β�

d"

y²µ

(1)dK¿�§a1, a2, a3, . . . , ar−1���þ|a1, a2, a3, . . . , ar�5L«§q®�β���

þ|a1, a2, a3, . . . , ar�5L«§Ïd§a1, a2, a3, . . . , ar−1, β���þ|a1, a2, a3, . . . , ar�

5L«"

(2)β���þ|a1, a2, a3, . . . , ar�5L«§Ïd�3�|êk1, k2, . . . , kr§¦�β =

k1a1+k2a2+· · ·+krar"qÏ�βØU��þ|a1, a2, a3, . . . , ar−1�5L«§Ïdkr 6= 0"

Kar =
1
kr
β − k1

kr
a1 − · · · − kr−1

kr
ar−1"¤±ar�±d�þ|a1, a2, a3, . . . , ar−1�5L«"

Ïd�þ|a1, a2, a3, . . . , ar�±da1, a2, a3, . . . , ar−1, β�5L«"

(3)Ïd§�þ|a1, a2, a3, . . . , ar��þ|a1, a2, a3, . . . , ar−1, β�d"

4. 3�5�mV¥§�þ|a1, a2, a3, . . . , ar�5Ã'§?�γ−1�êλ1, λ2, . . . , λγ−1

-

β1 = a1 + λ1ar

β2 = a2 + λ2ar

. . .

βr−1 = ar−1 + λr−1ar

βr = ar

Áyµβ1, β2, . . . , βr´�5Ã'�"

y²µ

é (
β1 β2 . . . βr

)
?1Ð��C�£Ci − λiCr(i 6= r)¤§ù��Ý
��ØC§��Ý
C�µ(

a1 a2 . . . ar

)
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du�þ|a1, a2, a3, . . . , ar�5Ã'§Ïd�þ|a1, a2, a3, . . . , ar���r§Ïd§�

þ|β1, β2, . . . , βr���´r§Ïdβ1, β2, . . . , βr�5Ã'"

5. y²�þ|:

ε1 =


1

1

2

§ ε2 =


3

−1
0

 § ε3 =


2

0

−1


´R3¥���Ä§¿¦�þ α =


2

0

7

 3dÄe��I"
)µ

Äk§ε1, ε2, ε3�5Ã'§Ïdε1, ε2, ε3´��Ä"
1 3 2

1 −1 0

2 0 −1



x1

x2

x3

 =


2

0

7


)��µ 

x1

x2

x3

 =


2

2

−3



"Ïd§α =


2

0
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 3dÄe��I�


2

2

−3


7. e��þ|´Ä´�5�mP [x]3�Ä"

(1)a1 = x+ 1, a2 = x2 + x, a3 = x3 + 1, a4 = x3 + x2 + 2x+ 2

(2)β1 = −1 + x, β2 = 1− x2, β3 = −2 + 2x+ x2, β4 = x3

y²µ

(1)a4 = a1 + a2 + a3§�5�'§Ïd§Ø´�|Ä"

(2)


−1 1 −2 0

1 0 2 0

0 −1 1 0

0 0 0 1

 →

0 1 0 0

1 0 2 0

0 0 −1 0

0 0 0 1

��4§Ïd�5Ã'§�P [x]3��ê�

o§Ïd§β1, β2, β3, β4´P [x]3��|Ä"

9.3�5�mR4¥§�ü�Äµ
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(I) ε1 =


1

1

1

1

 § ε2 =


1

1

−1
−1

 § ε3 =


1

−1
1

−1

 § ε4 =


1

−1
−1
1



(II) ε
′
1 =


1

2

3

1

 § ε
′
2 =


2

1

0

1

 § ε
′
3 =


1

−1
0

−1

 § ε
′
4 =


2

1

1

−2


(1)¦dÄ(I)�Ä(II)�LÞÝ
M

(2)�α =
(
1 1 −1 0

)T
§¦α3Ä(II)e��I"

)µ

(1)PA =
(
ε1 ε2 ε3 ε4

)
§ B =

(
ε
′
1 ε

′
2 ε

′
3 ε

′
4

)
KB = AM"

(
A B

)
=


1 1 1 1 1 2 1 2

1 1 −1 −1 2 1 −1 1

1 −1 1 −1 3 0 0 1

1 −1 −1 1 1 1 −1 −2


²LÐ�1C�§�
4 0 0 0 7 4 −1 2

0 4 0 0 −1 2 1 4

0 0 4 0 1 0 3 4

0 0 0 4 −3 2 1 −2

 LÞÝ
� M = 1
4


7 4 −1 2

−1 2 1 4

1 0 3 4

−3 2 1 −2

"
(2)��I� X =

(
x1 x2 x3 x4

)T
KBX = α"

(
B α

)
=


1 2 1 2 1

2 1 −1 1 −1
3 0 0 1 0

1 1 −1 −2 1

→

1 0 0 0 1

4

0 1 0 0 1
2

0 0 1 0 5
4

0 0 0 1 −3
4

 �X = 1
4


1

2

5

−3


10. �α1, α2, · · · , αn´n��5�mV���Ä§¦dù�Ä�Ä2α2, 3α3, · · · , (n−

1)αn−1, nαn, α1�LÞÝ
"

)µ

∵ (2α2, 3α3, · · · , (n−1)αn−1, nαn, α1) = (α1, α2, · · · , αn)



0 0 · · · 0 0 1

2 0 · · · 0 0 0

0 3 · · · 0 0 0

· · · · · · · · · · · · · · · · · ·
0 0 · · · n− 1 0 0

0 0 · · · 0 n 0


,
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∴ α1, α2, · · · , αn�2α2, 3α3, · · · , (n− 1)αn−1, nαn, α1�LÞÝ
�

0 0 · · · 0 0 1

2 0 · · · 0 0 0

0 3 · · · 0 0 0

· · · · · · · · · · · · · · · · · ·
0 0 · · · n− 1 0 0

0 0 · · · 0 n 0


12.¦e�f�m��êÚ��Äµ

(1) L(α1, α2, α3) ⊆ R3 §Ù

α1 =


2

3

1

 , α2 =


1

0

−1

 , α3 =


2

0

1

;

(2) L(α1, α2, α3, α4) ⊆ R4 §Ù¥

α1 =


2

1

3

−1

 , α2 =


1

−1
3

−1

 , α3 =


4

5

3

−1

 , α4 =


1

5

−3
1


(3) dàg�5�§|
3x1 + 2x2 − 5x3 + 4x4 = 0

3x1 − x2 + 3x3 − 3x4 = 0

3x1 + 5x2 − 13x3 + 11x4 = 0

¤(½�)�m"

)µ

(1) éÝ
(α1, α2, α3)�Ð��C�µ
2 1 2

3 0 0

1 −1 1

→


1 0 0

0 1 0

−1 1 1

,

Ý
´÷��§¤±f�mL(α1, α2, α3)��ê�3§α1, α2, α3Ò´§��|Ä" (2)é

Ý
(α1, α2, α3, α4)�Ð��C�µ
2 1 4 1

1 −1 5 5

3 3 3 −3
−1 −1 −1 1

→


1 0 0 0

−1 3 0 0

3 −3 0 0

−1 1 0 0

,

Ý
���2§�α3, α4éA��z��0§¤±f�mL(α1, α2, α3, α4)��ê�2§

α1, α2´§��|Ä" (3) é�§|�XêÝ
�Ð�1C�µ
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3 2 −5 4

3 −1 3 −3
3 5 −13 11

→

1 0 1/9 −2/9
0 1 −8/3 7/3

0 0 0 0

,

�§|�Ä:)X� k1(−1/9, 8/3, 1, 0)T + k2(2/9,−7/3, 0, 1)T ,
)�m� L((−1/9, 8/3, 1, 0)T , (2/9,−7/3, 0, 1)T )"

15. �W1,W2þ´�5�mV�f�m§�W1 ⊆ W2§y²µXJW1��ê

�W2��ê��§@o§W1 = W2"

yµ

∵ W1 ⊆ W2,

∴ W1�z�|ÄÑ�±*¿¤�W2��|Ä"

∵ W1,W2��ê��§

∴ W1��|ÄÓ��´W2��|Ä"

∴ W1,W2´dÓ�|ÄÜ¤��5�m"

∴ W1 = W2

17. 3î¼�m¥§é?¿�þα, βy²µ

(1) ‖α + β‖2 + ‖α− β‖2 = 2(‖α‖2 + ‖β‖2)¶
(2) (α, β) = 1

4
‖α + β‖2 − 1

4
‖α− β‖2 ¶

(3) eα, β��§K‖α + β‖2 = ‖α‖2 + ‖β‖2"
yµ

(1)

‖α + β‖2 + ‖α− β‖2 = (α + β, α + β) + (α− β, α− β)

= (α, α) + (α, β) + (β, α) + (β, β) + (α, α)− (α, β)− (β, α) + (β, β)

= 2((α, α) + (β, β))

= 2(‖α‖2 + ‖β‖2)

(2)

1

4
‖α + β‖2 − 1

4
‖α− β‖2 = 1

4
((α + β, α + β)− (α− β, α− β))

=
1

4
((α, α) + (α, β) + (β, α) + (β, β)− (α, α) + (α, β) + (β, α)− (β, β))

=
1

2
((α, β) + (β, α))

= (α, β)

(3) ∵ α, β��§

∴ (α, β) = 0"
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‖α + β‖2 = (α + β, α + β)

= (α, α) + (α, β) + (β, α) + (β, β)

= (α, α) + (β, β)

= ‖α‖2 + ‖β‖2

18. 3î¼�m¥§¦α, β�m�Y�§Ù¥

(1) α = [1, 2, 2, 3]T , β = [3, 1, 5, 1]T

(2) α = [2, 1, 3, 2]T , β = [1, 2,−2, 1]T

(3) α = [−1, 3,−5, 1]T , β = [2,−1, 2,−3]T

)µ

(1)

< α, β > = cos−1 (α, β)

‖α‖‖β‖

= cos−1 18√
18× 36

= cos−1

√
2

2

=
π

4

(2)

< α, β > = cos−1 (α, β)

‖α‖‖β‖
= cos−1 0

=
π

2

(3)

< α, β > = cos−1 (α, β)

‖α‖‖β‖

= cos−1 −18√
36× 18

= cos−1−
√
2

2

= −π
4


