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The note is based on the theory of the refraction and reflection of electromagnetic wave
on the interfaces and the ”recursive algorithm” of the multi-layer thin film optical system. It is
also a part of the work for the course ”Training in Scientific Research”. The note consists of
five sections. Section 1 and 2 are the introduction of the background, which indicate the reason
why I do the note. Section 3 is the physics preparation while Section 4 is the simulation and
analysis. Section 5 is the unfinished work I am thinking about.

Abstract
The discovery of graphene reveals the possibility of the existence of other two-dimensional
atomic crystals. The note mainly focuses on the optical identification methods of 2D crystals.
A systematic method to identify 2D crystals attached to the silicon dioxide/silicon wafer
in optical way is developed based on the ingenious work the previous scientists contributed. I
construct such a model that it will output the best thickness of SiO2 layer for one certain 2D
material and the maximum contrast between the 2D crystal and the wafer if the refractive
index spectrum is given, which will play a significant role in rapid positioning of 2D crystals
obtained by mechanical cleavage method.

1

What is two-dimensional Atomic Crystals
Dimensionality is a basic property of a system. Physics may appear different in the world

with different dimensions.

For example, Bose-Einstein condensate only happens in Three-

dimensional(3D) world while in two-dimensional(2D) systems or one-dimensional(1D) systems
it will never occurs. The boundary effects in 3D systems often are submerged in the signal from
the internal part, while down to 2D world, the surface in 3D become the internal in 2D, and
acts as the majority.
Two-dimensional atomic crystals refers to the crystals with the thickness of an atom, or to
say the crystals having just a single atomic plane(See Figure 1). Crystals consists of a few layers
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of atoms may also be considered as 2D crystals if the property of it can be distinguished with
the 3D bulk(for graphene, the 3D limit is 10 layers)[1].

Figure 1: Graphene is a kind of two-dimensional atomic crystals made of carbon atoms, the
crystalline structure of which is a hexagonal grid.
Before graphene was discovered[2], scientists believe that 2D crystals can’t exist because the
thermal vibration will break the connection between the atoms[3]. But the discover of graphene
broke the ”law” and opened a new world to us. It is our chance to check the old theories and
search the new ones in the two-dimensional revolution.
There are many layered materials in the nature with strong bond within each layer and
weak Van Der Waal connection between layers, which includes graphite, metal dichalcogenides,
sulfides, clay minerals, layered double hydroxides(LDHs), hybrid inorganic-organic compounds,
et al [4], which may be the candidates of new 2D crystals. Till now, scientist have managed to
isolate several kinds of 2D crystals such as graphene, BN, MoS2 , NbSe2 , Bi2 Sr2 CaCu2 Ox , et
al [5].
The research of 2D atomic crystals is now a new-born area which may conceal new physical
phenomena and contains unlimited potential in future application. But little has we known
about 2D crystals.
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The Optical Identification of Graphene
Optical microscopy, Raman spectra and Atomic Force Microscope(AFM) measurement are

the three most-used way in graphene identification. A general procedure is: After peeling, the
wafer is first checked by the microscope to find the suspected candidates of graphene, and then
the result of Raman spetra of AFM or both will give the answer which ones are truly graphene.
The optical microscopy alone will not result in accurate results. On the other hand, though
accurate, the efficiency of AFM or Raman spectra are too low and the cost is too expensive if
one want to search on the whole wafer for graphene. So, the combination of optical microscopy
and Raman spectra/AFM are the right way to go.

2

Note: The Visibility of Two-Dimensional Atomic Crystals

Graphene was first peeled off and recognized on the 300nm SiO2 /Si wafer. The thickness of
SiO2 is such a lucky coincidence that it allows us to recognize graphene because the interference
color contrast helps us differentiate graphene and the empty wafer under the white light. Only
5% change of the SiO2 thickness(315nm) will clear away the color contrast difference[6].

Figure 2: Graphene’s contrast varies as a function of SiO2 thickness and light wavelength. At
the thickness of 90nm or 280nm, the contrast of green light come up to 12%, which is the best
contrast to identificate graphene for human eyes. On the other hand, 150nm is a poor thickness
graphene can never be seen on such SiO2 /Si wafers[6]
In the reference[6], the scientists construct a model to calculate the contrast between graphene
and wafer due to the interference of light. They finally find that the SiO2 thickness of 90nm
or 280nm will output the best contrast up to 12% between graphene and wafer(see Figure 2),
which helps a lot in graphene identification.
After choosing the wafer thickness, graphene can be seen through naked eye under the microscope, the identification procedure can be standardized using microscopy photography.
Not only to graphene, the optical microscopy will be the indispensable technique hunting for
2D crystals. So In the thesis, I will discuss on the topic.

3

Thin Film Optics

3.1

Fresnel’s Law

When a beam of light with the wavelength λ enters media layers, the electric field components
of the incident wave Ei , the reflected wave Er and the refractive wave Ed can be written as
0

Ei

= E0 ei(k·r−ω t)

Er

= E00 ei(k ·r−ω t)

0

0

(1)
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Ed

= E000 ei(k

00

·r−ω 00 t)

which satisfy the law of refraction and reflection, the meaning of symbols are as usual(See Figure
3):
ω

= ω 0 = ω 00

kk

= k 0 k = kk00

θ
sin θ
sin θ00

(2)

= θ0
√ √
ε2 µ2
k 00
n2
=
= √ √
=
k
ε1 µ1
n1

Figure 3: (a)shows the refraction and reflection of electromagnetic wave. (b)shows the refraction
and reflection of S wave. (c)shows the refraction and reflection of P wave.
To simplify the problem, let’s divide the electric vector into two parts(See Figure 3): One
is E0⊥ , which is perpendicular to the incident plane(lie on the interface), also called S wave or
TE wave; The other is E0k , which is parallel to the incident plane(stand on the interface), also
called P wave or TM wave:
E0 = E0k + E0⊥

(3)

Consider the boundary conditions E1t = E2t and H1t = H2t , we get
0
E0t + E0t

1
[k × E0 + k0 × E00 ]t
µ1

00
= E0t
1 00
=
[k × E000 ]t
µ2

(4)
(5)

Derive from formula (3), (4) and (5), we can get
0
E0⊥

=

00
E0⊥

=

0
E0k

=

00
E0k

=

kµ2 cos θ − k 00 µ1 cos θ00
E0⊥
kµ2 cos θ + k 00 µ1 cos θ00
2µ2 k cos θ
E0⊥
kµ2 cos θ + k 00 µ1 cos θ00
k 00 µ1 cos θ − kµ2 cos θ00
E0k
k 00 µ1 cos θ + kµ2 cos θ00
2µ2 k cos θ
E0k
k 00 µ1 cos θ + kµ2 cos θ00

(6)

Formula (6) is called Fresnel’s law.
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3.2

Transmittance and Reflectance at single Interface at Normal Incidence Situation

Let’s consider the situation that a light of wavelength λ enter the media vertically. Then
θ = θ00 = 0, and the differences between S wave and P wave disappear, equation (6) become
E00

=

E000

=

kµ2 − k 00 µ1
E0
kµ2 + k 00 µ1
2µ2 k
E0
kµ2 + k 00 µ1

(7)

For the reason the magnetic permeability of usual materials are very close to µ0 and change
little with ω, it is proper to let µ1 ≈ µ2 ≈ µ0 to simplify the calculation. Then using equation
(2) to equation (7)
E00 =

n1 − n2
E0 ,
n1 + n2

E000 =

2n1
E0
n1 + n2

(8)

Now we can define the relative refractive indices r12 and the relative transmission indices t12
for the light come from media 1 to media 2:

r12 =

n1 − n2
,
n1 + n2

t12 =

2n1
n1 + n2

(9)

On the other hand, if the light comes from media 2 to media 1(See Figure 4), we have
r21 =

n2 − n1
,
n1 + n2

t21 =

2n2
n1 + n2

Figure 4: Relative Refractive indices and Relative Transmission Indices of a Two Layer Thin
Film System
So we get
r12 = −r21 ,

t12 t21 = 1 − r12 2

(10)

The Intensity of light I ∝ |E0 |2 , so the relative intensity of refractive and reflective light
are|r12 |2 and |t12 |2 .

3.3

Multiple Reflection and Refraction between two interfaces

Consider a three-media optical system with two interfaces, Light will travel between the
interfaces, After many times of refraction and reflection, the light finally go out of the cage as
the transmitted or the reflected light(See Figure 5).

5

Note: The Visibility of Two-Dimensional Atomic Crystals

Figure 5: Relative Refractive indices and Relative Transmission Indices of a Two Layer Thin
Film System
We can add up all the light reflected. Notice that the multiple reflection and refraction will
change the phase of light, so we should check carefully to add a phase factor to each beam of
light. Then the equivalent relative refractive indices r13 is
r13 = r12 + t12 r23 t21 e−2iδ + t12 r23 r21 r23 t21 e−4iδ + ...

(11)

δ in the equation above is the phase shift when light travels the distance of the thickness of
media 2(d2 ). It is decided by
δ = 2πn2 d2 /λ

(12)

The sequence from the second term in the equation (11) is a geometric sequence with a common
ratio of r21 r23 e−2iδ . By using Equation (10), we can simplify it to
r13 =

r12 + r23 e−2iδ
1 + r12 r23 e−2iδ

(13)

Then the relative intensity of the reflected light is |r13 |2 .

3.4

Recursive Algorithm of Multi-layer Thin Film System

Figure 6 shows the procedure of the recursive algorithm of solving multi-layer thin film
system.

Figure 6: Recursive Algorithm of Multi-layer Thin Film System
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Assuming a k-layer system, we can solve the equivalent relative refractive indices rk−2,k by
rk−1,k and rk−2,k−1 , and then use rk−2,k and rk−3,2 to obtain rk−3,k , by this recursive algorithm,
we can finally solve r1,k , then obtain the relative intensity of reflected light.
Consider the bottom the the k-layer system, we begin with
rk−2,k =

rk−2,k−1 + rk−1,k e−2iδk−1
1 + rk−2,k−1 rk−1,k e−2iδk−1

(14)

To the j-th layer counting from the bottom, we have
rk−j,k =

rk−j,k−j+1 + rk−1,k e−2iδk−j+1
1 + rk−j,k−j+1 rk−j+1,k e−2iδk−j+1

(15)

the value of j begins at 2 and ends at k − 1. Finally, r1,k is just the equivalent relative refractive
indices of the multi-layer system. And the relative intensity of reflected light is
I = |r1,k |2

4

(16)

Making 2D Crystals Visible

4.1

Construct the Model

Consider a 4-layer Optical system(See Figure 7), which is composed of air, 2D crystals, SiO2
layer and Si layer. Using the model we have discussed in the previous section(Equation (15) and
(16)), we can get the Intensity of the reflected light from 2D crystals and compare it with the
reflected light’s intensity from the wafer, to see if we can recognize the difference of intensity.

Figure 7: 2D Crystals on the SiO2 /Si Wafer
The derived equation of intensity is:
I(n1 ) = |

r01 ei(δ1 +δ2 ) + r12 e−i(δ1 −δ2 ) + r01 r12 r23 ei(δ1 −δ2 )
|2
+ r01 r12 e−i(δ1 −δ2 ) + r01 r23 e−i(δ1 +δ2 ) + r12 r23 ei(δ1 −δ2 )

ei(δ1 +δ2 )

(17)

where
rij =

nj − ni
nj + ni

δi = 2πni di /λ
We define the Contrast C as follows:
C=

IW ithoutCrystals − ICrystals
I(n1 = nAir ) − I(n1 = nCrystals )
=
IW ithoutCrystals
I(n1 = nAir )

(18)
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So the contrast between sample and wafer can be calculated by Equation (18). As the refractive
index n is a function of wavelength λ, the phase shift in SiO2 layer is also a function of the
thickness of SiO2 layer, The contrast C will also vary on different light wavelength and SiO2
thickness. Plot the contour plot of the contrast with the change of λ and the thickness of SiO2 ,
we may find the best thickness of SiO2 wafer to see the 2D crystals.
We choose the thickness of SiO2 wafer to ensure the contrast of green light(490-580nm) is as
high as possible because human eyes are most sensitive on green light.

4.2
4.2.1

Visibility Simulation of Several 2D Crystals
Graphene

The refractive index of Si n3 (λ) and SiO2 n2 (λ) can be found on reference [8]. The thickness
of Graphene single layer d1 = 0.34nm. The refractive index of grapehene n(λ) can be seen as a
constant(2.6 − 1.3i). So the result is in the Figure 8

Figure 8: Contour Plot of the Contrast(λ, d2 ) between Graphene and Wafer
The contrast between graphene and wafer at 550nm green light reaches up to 14%, which
can be seen clearly by naked eye. The best thickness of SiO2 layer is 90nm or 280nm.
4.2.2

BN

The refractive index of BN can be treated as a constant,n(λ) = 2.2.
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Figure 9: Contour Plot of the Contrast(λ, d2 ) between BN and Wafer
Figure 9 shows the contrast as a function of λ and d2 . The maximum contrastat 550nm green
light is at 3%, which is a very small value, but it is still possible to distinguish it from wafer if
a filter is used. The best thickness of SiO2 layer is 70nm or 260nm.
4.2.3

TaSe2

The refractive index of TaSe2 is calculated by the dielectric constant from reference [9].

Figure 10: Contour Plot of the Contrast(λ, d2 ) between TaSe2 and Wafer
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Figure 10 shows the contrast as a function of λ and d2 . The maximum contrast at 550nm
green light is up to 15% when the thickness of SiO2 is 70nm or 240nm.
4.2.4

NbSe2 and MoS2

The refractive index of TaSe2 is obtained from reference [7].

Figure 11: Contour Plot of the Contrast(λ, d2 ) between NbSe2 and Wafer

Figure 12: Contour Plot of the Contrast(λ, d2 ) between MoS2 and Wafer
Figure 11 shows the contrast of NbSe2 and wafer. The maximum contrast at 550nm green
light is up to 25% when the thickness of SiO2 is 70nm or 260nm. Figure12 shows the contrast of
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MoS2 and wafer. The maximum contrast at 550nm green light is up to 65% when the thickness
of SiO2 is 70nm or 250nm.
Single layer NbSe2 and MoS2 can be recognized by naked eye on SiO2 /Si wafer at a large
range of SiO2 thickness. Only around 100nm or 300nm may difficulty occurs.
Further more, a MATLAB GUI program is made to show the contrast and help to set a
proper thickness of SiO2 easily.

5

Improvement Underway
Although useful and easy, the contrast contour plot is still not a very intuitive and accurate

way to check the visibility, if the real color of the 2D crystals and wafer can be simulated on the
computer screen, the checking process will be more convenient. In principle it can be achieved.
The outline of the method is stated below.
A color in the computer can be represent as three numbers R,G,and B, corresponding to the
red, green, and blue components. The R,G,B components can be obtained by calculation:
Z
R = c r(λ)S(λ)I(λ)dλ
Z
G = c g(λ)S(λ)I(λ)dλ
(19)
Z
B = c b(λ)S(λ)I(λ)dλ
where S(λ) is the spectra of light source, I(λ) is the intensity of reflected light, r(λ), g(λ), b(λ)
are three color-matching functions which may be found in some international standards, and c
is a normalization constant.
The Intensity of a color can be expressed as
I=

R+B+G
3

(20)

From equation(19)and (20), we may get both color and intensity theoretically and compare
them with the photo we take.
What attracts me is that through the simulation, we may know both the color and contrast
of a crystal before we peeling it on the silicon wafer, this will help a lot on deciding using what
wafer, what light source and what filter, making almost any kind of 2D crystals visible to us.
The calculation of 2D crystals’ color is still underway and the complexity of human eyes is
a big trouble to overcome. It still needs some time to finish the work and simulate the color of
2D crystals on the computer screen perfectly.
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