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Problem 1 (To study the Stokes theorem) The general relations of the curve integrals and

surface integrals could be generally term as Stokes theorem. It is seemed that all kinds of the

relations could be concluded as two forms as shown below
∮

C
τ ◦ −

Σ
Φ dl =

∫

Σ
[(n×∇) ◦ −Φ]Σ dσ

∮

C
(τ × n) ◦ −

Σ
Φ dl

=
∫

Σ
[∇ ◦ −Φ− (∇ · n) (n ◦ −Φ)− n ◦ −(n · (∇⊗Φ))]Σ dσ

where ∇ := i ∂
∂Xα is the general three dimensional gradient operator. We term these relations

as the generalized Stokes formulas of the first kind and the second kind respectively.

1. To prove the generalized Stokes formula of the second kind.

2. Furthermore, it could be proved that
∮

C
(τ × n) ◦ −

Σ
Φ dl =

∫

Σ

(
Σ
∇ ◦ −

Σ
Φ

)
+ H

(
n ◦ −

Σ
Φ

)
dσ

where
Σ
∇ :=

Σ
gs ∂

∂xs
Σ

is always termed as the gradient operator on the surface, and H denotes

the mean curvature. It indicates that the surface integrand is independent on the three

dimensionalization.
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Problem 2 (Some Properties of a tensor represented in multi-points form) Generally,

any tensor could be represented in multi-points form that is the composition of the corresponding

simple tensor are coming from different bases.

1. The so-called transfer tensor is defined as

I = gi
A gi ⊗GA, gi

A := (gi,GA)

where {gi}m
i=1 and {GA}m

A=1 are arbitrary two bases in Rm. To prove

gi
A gi ⊗GA = gij gi ⊗ gj = GAB GA ⊗GB

2. There exists the represents of a tenor in triple-points form, say

Φ = Φi ˙ξ
˙A (x, y, z)

x
gi(x)⊗ y

g
A
(y)⊗ z

gξ(z) ∈ T 3(Rm)

where {x
gi}m

i=1(x), {y
gA}m

A=1(y) and {z
gξ}m

ξ=1(z) could be taken as three local bases in Rm with

respect to three curvilinear coordinates/diffeomorphisms denoted by X(x), X(y) and X(z)

correspondingly. The relations between the curvilinear coordinates are diffeomorphisms

mutually thanks to the transfer property between diffeomorphisms. Therefore, one could

calculate
∂Φ
∂yL

(y) =:
y
2LΦi ˙ξ

˙A

x
gi(x)⊗ y

g
A
(y)⊗ z

gξ(z) ∈ T 3(Rm)

in the relation

y
2LΦi ˙ξ

˙A :=
y

∇LΦi ˙ξ
˙A +

∂xl

∂yL
(y)

x
∇lΦ

i ˙ξ
˙A +

∂zθ

∂yL
(y)

z
∇θΦ

i ˙ξ
˙A

where
x
∇l,

y

∇L and
z
∇θ are general covariant derivatives with respect to the curvilinear

coordinates X(x), X(y) and X(z) respectively. To prove the above assertion.

3. Furthermore, one could introduced the corresponding anholonomic bases denoted by {x
g(i)}m

i=1(x),

{y
g(A)}m

A=1(y) and {z
g(ξ)}m

ξ=1(z) respectively. Then, one has

∂Φ
∂yL

(y) =:
y
2LΦi ˙ξ

˙A

x
gi(x)⊗ y

g
A
(y)⊗ z

gξ(z) =
y
2(L)Φ

(i) ˙ (ξ)
˙ (A)

x
g(i)(x)⊗ y

g
(A)

(y)⊗ z
g(ξ)(z)

in the relation

y
2(L)Φ

(i) ˙ (ξ)
˙ (A) :=

y

∇(L)Φ
(i) ˙ (ξ)
˙ (A) +

∂x(l)

∂y(L)
(y)

x
∇(l)Φ

(i) ˙ (ξ)
˙ (A) +

∂z(θ)

∂y(L)
(y)

z
∇θΦ

(i) ˙ (ξ)
˙ (A)

where
∂x(l)

∂y(L)
(y) := C

(l)
k CD

(L)

∂xk

∂yD
(y),

∂z(θ)

∂y(L)
(y) := C(θ)

γ CD
(L)

∂zγ

∂yD
(y)

and
y

∇(L)Φ
(i) ˙ (ξ)
˙ (A) is the covariant derivative with respect to the anholonomic basis {y

g(A)}m
A=1(y).
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Problem 3 (To study the deformation gradient tensor) The relationship between the vec-

tors connecting the same point a and b in the current physical configuration and initial physical

configuration, denoted by rab| t
V

and rab| o
V

respectively, could be represented as follows:

rab| t
V

= F · rab| o
V

, whereF ,
[

∂xi

∂ξA
(ξ, t)gi(x, t)⊗GA(ξ)

]

where F is termed as the deformation gradient tensor. Its

1. To deduce the representation of the deformation gradient tensor.

2. To prove that its determinant detF ≡ |F| is

detF =
√

g√
G
· det

[
∂xi

∂ξA

]
(ξ, t) := |F|

3. To prove that its material derivative is

Ḟ = (V ⊗2) · F

4. To prove that the material derivative of its determinant is

˙|F| = θ|F|, where θ , 2 ·V

5. To prove the transport theorem of the continuous media whose geometrical status is volume,

that is
d

dt

∫
t
V

Φ(x, t)dτ =
∫

t
V

(Φ̇ + θΦ)dτ =
∫

t
V

∂Φ
∂t

(x, t)dτ +
∮

∂
t
V

Φ(v · n)dσ

Problem 4 (Governing equations in Lagrangian arguments) The governing equations of

continuum media represented in Lagrangian arguments could be listed as follows

mass conservation ρ(ξ, t) |F|(ξ, t) =
◦
ρ(ξ)

momentum conservation
◦
ρ(ξ)a(ξ, t) =

◦
ρ(ξ) fm(ξ, t) +





[t · (|F|F−∗)] · ◦2 =: τ · ◦2
(F ·T) · ◦2, T = F−1 · τ

constitution relation T = −pC−1
L + 2

[
∂Σ
∂I1

I +
∂Σ
∂I2

(I1 I−CL)
]

, CL := F∗ · F

where the constitution relation is corresponding to the incompressible flow.

1. To prove the equation of mass conservation.

2. To prove the equation of momentum conservation.
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Problem 5 (To study the dynamics of a rotating annulus with finite deformation) The

curvilinear coordinates with respect to the initial and current configurations are the general cylin-

drical coordinates. In the case of the rotation with a fixed angular velocity, the description of

the motion is assumed that



r

θ

z


 (R, Θ, Z, t) ,




r(R)

Θ + ω t

λZ




The initial inner and outer radii is denoted as a and b respectively.

1. To analysis the equation of mass conservation under the assumption that the deformation

is incompressible.

2. To deduce the component form of the constitution relation.

3. To deduce the component form of the momentum equation.

4. To solve the pressure distribution.

5. To solve the distributions of the stress.

6. In the general case of the rotation, the description of the motion is assumed that



r

θ

z


 (R, Θ, Z, t) ,




r(R, t)

Θ +
∫ t
0 ω̇(τ) dτ

z(Z, t)




To carry out the related analysis on mass conservation.

7. To carry out the related analysis on momentum conservation with constitution relation.

Note: To give the deduction and calculation in detail. And as the score is considered, the

reflection of the correct methodologies is oriented.
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